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TO THE REV. 



J. PRIESTLEY, L.L,D. F.R.S. Set. 

Sir, 

THE publication of the fol- 
lowing treatife is owing to 
your kind encouragement and ap- 
probation ; and I am hapj^y to 
embrace this opportunity of tefti- 
fying the high fenfe I entertain of 
your condefcehding politenefs and 
attention. Whilft you are enlarg- 
ing the bounds of fcience by your 
numerous and important dif- 
coveries, you are equally folicitous 
of promoting every other laudable 
purfuit and ufeful undertaking. 
And to this amiable difpofition the 
world is- no left indebted than to 

A 2 



[ iv ] 

your diftingiiifhed and eminent 
abilities : the one commands our 
efteem and regard, and the other 
our admiration. Permit me, 
therefore, Sir, as a fincere tribute 
to your merit,, to infcribe to you 
this compendium, and to afllire 
you that 

1 am, 

With the higheft refpciSt, 
Your moft obedient and 

obliged humble fervant, 



* London^ 
Sep. 2i lySa* 



JOHN BONNYCASTLE. 



PREFACE. 



THE powers of the mind, likTc thofe of the 
body, are increafed by continual exertion; 
. application and induftry fupply the place of genius 
and invention ; and even the creative faculty it- 
felf, may be ftrengthcned and improved by ufe 
and perfeyerance. Uncultivated nature is uni-^ 
fbrmly ru4e and imbecile ; and it is by imitation 
alone tha^ yve at firft acquire knowledge, and 
the mean^ of extending its*bounds. A juft and 
perfe& acquaintance with the fimple elements of 
fcience, is a neceflary ftep towards our future 
progrefe and advancement ; and this, affifted by 
laborious inveftigatioa and habitual inquiry^ will 
conftantly lead to eminence and perfec^on. 

Books of rudiments, therefore, concifely writ- 
len, well digefted, and methodically arranged, 
are treafures of ineftimabte value ; and too many 
attempts cannot be made to render them perfe<Si 
and complete. When the firft principles of any 
art or fcience are firmly fixed and rooted in the 
aindy their application foon becomes eafy^ 



vi PREFACE. 

pleafant, and obvious ; the underftanding is de-«^ 
lighted and enlarged ; we conceive clearly, reafon 
diftinftly, and form juft and fatisfaftory conclu^ 
fi()ns. But, on the contrary, when the mind, 
inftead of repofing on the ftability of truth, and 
received principles, is wandering in doubt and 
uncertainty, our ideas will neceflarily be confiifed 
and obfcure ; and every ftep we take, muft be 
^tended with frefh diiEculties and endlefs per-* 
{^exity. 

That the grounds, or fundamental parts, of 
every fcience, are dull and unentertaimng, is a 
complaint univerfally made, and a truth not to 
be denied ; but, then, what is obtained with dif - 
itculty is remembered with eafe; and what is 
ptfrcbafed with pain ^ poflefTed with vpleafure. 
The ieeds of knowledge are fown in every foil, 
but it is by proper culture alone that Aey are 
cheriflied and brought to maturity, A few years 
of early and affiduous application never fails of 
procuring us the reward of our induftry ; and who 
is there, that knows the pleafures and advantages 
which the-fciences afford, that would think Im 
time mif-fpent, or his labours' ufdefs ? Riches 
and honours are the gifts of fortune, cafiiaUy be<« 
flowed or hereditarily received, and are frequently 
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ibufed by didr pofieflbrs ; but die fuperiority of 
wildoiii and kno^dge is a pre-eminence of 
merit, that cmginates widi the man, and* is the 
nobleft of ril diftindions. 

Nature, bountiful and wik in all things, has 
{MTOvided us with an infinite variety of fcenes, 
both for our inftrudtion and entertainment ; and, 
like a kind and indulgent parent, admits all her 
children to an equal participation of her bleffings. 
But as die modes, fituations, and circumftances 
of life are various, fo accident, habit, and edu- 
cation, have each their predominating influence, 
and give to every mind its particular bias. Where 
examples of excellence are wanting, the attempts 
to attain it are but few ; but eminence excites 
attention, and produces imitation . To raife the 
curiofity, and to awaken die liftlefs and dormant 
powers of younger minds, we have only to point 
out to diem a valuable acquifition, and the means 
of obtwiing it. The a^ve principles are imme- 
diately put into motion, and the certainty of the 

conquefl is infured from a determination to coa- 
quer. 

But of all die fciences which ferve tp call forth 
this fpirit of entcrprife arid inquiry, there are 
none more eminently ufeful than the Mathematics. 



vlii PREFACE. 

By ah early attachment to thefe elegant and 
fubKme ftudies, we acquire a habit of reafoning, 
and aii elevation of thought, that fixes the mind, 
and prepares it for every other purfuit. From a 
few fimple axioms, and evident principles, we 
proceed gradually to the moft general propofitions, 
and remote analogies ; deducing one truth from 
another, in a chain of argument, well connefted 
and logically purfued ; that brings us at laft, in 
the moft fatisfaftory manner, to the conclufion^ 
and ferves as a general direAion in all our in- 
quiries after truth. 
• 

And it is not only in this refpeft that mathe- 
matical learning is fo highly valuable : it is, 
likewile, equally eft imable for its pradical utility. 
Almoft all the works of art, and devices of man> 
have a dependence upon its principles, and are 
indebted to it for their origm and perfe£Hon. The 
cultivation of thefe admirable fciences is, there- 
fore, a thing of the utmoft importance, and oughc 
to be confioered as a principal part of every libe* 
nd and well regtilated plan of education. They 
are the guide of our youth, the perfe6tion of our 
leafon, and the foundation, or bafis, of every 
great and noble uodextaklng. 
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From thefe confiderations, I have been induced 
to undertake an introduAory courfe of mathe- 
matical Icience ; and, from the kind encourage- 
ment I have hidierto received, am not without 
hopes of a continuance of the fame candour and 
approbation. Confiderable praflice as a teacher, 
and a long attention to the difficulties and ob- 
ftru£tions which retard the progrefs of learners in 
general, has enabled me to accommodate myfelf 
the more eafily to &eir capacities and under- 
fiandings. And as an earneft defire of promoting 
and difFufing ufeAd knowledge, is the chief mo- 
^ve for this undertaking, fo no pains, or atten- 
tion, (hall be wanting to make it as complete aiid 
perfeA as poffibk. 

The fubjeA of theprefent performance is AL- 
GEBRA j which is one of the moft important 
and ufeful branches of thofe fciences ; and may be 
juftly confidered as the key to all the reft. Ge- 
ometry delights us by the fimplicity of its prin^ 
ciples, and the elegance of its demonftrations : 
Arithmetic is confined in its objeft, and partial 
in its a[^lication : but Algebra, or the analytic 
art, is general and comprehenfive, and may be 
ufed with fuccefs, in all cafes, where truth is to 
be obtained) and proper data can be eftabliihed. 
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To trace this nobk fciencc to its birtli, and to 
point out all the various alterations and iniprove- 
ments it has undergone in its progrefs, would 
far exceed the limits of a prefece. It will be fuf- 
ficient to obferve, that the invention is of the 
higheft antiquity, and has challenged the praife 
and admiration of all ages. Diophantus appears to 
have been the firft, among the ancients, who applied 
it to the folution of indeterminate and unlimited 
problems ; but it is to the moderns that we are prin- 
cipally indebted for all the moft curious refinements 
of the art, and its great and extenfive uiefulnefs in 
every abftrufe and difficult inquiry. NewtoHy 
Madauriny Saundij^oHj Simpfiny and Emerfiny are 
thofe, of our own countrymea,. who have par- 
ticularly excelled in this refpeft j and it is to their 
works that I would refer the young fludent, as 
the patterns of elegance and perfeftion. 

The following compendium is formed entirely 
upon the model of thofe writers, .and is intended 
as a ufeful and necefTary introdu£tion to them. 
Almoft every fubjeS, that belongs to pure Al - 
•gebra> is concifely and di{tin<91y treated of j ^ 
no pains have been fpared, to make the whole as 
eafy and intelligible as poifible. A great number 
of eletnentary books have already been written 
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upon this fubjeft; but there are none, that I 
lave yet feen, but what appear to me to be ex- 
tremely defeffive. Befides being totally unfit 
for the purpofe of teaching, they are generally 
calculated to vitiate the talle, and miilead the' 
judgment. A tedious and inelegant method pre- 
vails throHgh the whole, fo that the beauty of the 
fcience is deftroyed by the clumfy and aukward 
manner in which it is treated ; and the learner, 
when he is afterwards introduced to fome of our 
bcft writers, is obliged to unlearn and forget 
every thing that he has been at fo much pains in 
acquiring. 

It is in the fciences as in every branch of polite 
literature ; there is a certain tafte and elegance 
that is only to be obtained from the beft authors, 
and a judicious ufe of their inftruftions. To 
dire£t the ftudent in his choice of books, and to 
prepare him properly for the advantages he may 
receive from them, is, therefore, the bufinefs of 
every writer who engages in the humble, but 
ufeful, tafk of a preliminary tutor. This informa- 
tion I have been careful to give, in every part 
of the prefent performance, where it could be 
thought to be in^ the leaft ufeful or nec^/Iary. 
The nature and confined limits of my plan. 
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admitted not of difFufe obfervations, or a for 
enumeration of particalars ; but nothing of 
ufe and importance has been omitted* My pi 
cipal objedt was to confult the eafe^ fatisfacSli 
and accommodation of the learner, and if 

w 

execution of the work is found equal to the 
fjgn, my purpofe will be anfwered, and it c 
not faU of meeting with a candid and fayoun 
reception from the public. 



ERRATA. 

Page i», line 7, for xj?4 read ;if4— j4-. P. 20, I. 13, 
a#jf* readihx, P. 22, 1. 3, for a^b read x+b. P. 

1. J J, for read . P. 29, 1. 29, dele — -. P. 31, 1. 

for x-^i read jp+tf. P. 32, 1. 10, dele — . P. 49, 1. 5, 
xSrtMdsfi. P. 50, l.^and 26> read iix'v'i^y 3^3X3 ' 
^X^s/a^ &c. P. 54, I. 33, for +. rca4 :: P. 56,- 1. 
for 19 read i6. P. 60, 1. 24, for +3* read — 3*, an 
Ilk. lior is read (>s* P. 64, 1. 9> for a. read .3. P. 79, 1. 
dele %<• P, Sl2« !• 21/ for^K-^ re^j^::^— ^>nd Hneult. 
d<|;atiY« read afBmiatfve, 
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DEFINITIONS. 



ALGEBRA is the art of computing by fym^ 
bols. 

1 . Like quantities are thofe that confill of the fame 
letters. 

2. Unlike quantities are thofe that confill of diiFe- 
rent letters. 

3. Gifuen quantities are tho(e whofe values are 
known. 

4. Unknown quantities are thofe whofe values are 
unknown. 

5. Simple quantities are thofe that confifl of one 
term only. 

6. Compound quantities are thofe that confiil of fe- 
vend terms. 

7. PoJsti*ve or ajjirniati've quantities are thofe to be 
added. 

8. Negative quantities are thofe to be fubtraftcd. 

9. Ltkefigns are all -f or all — • 
lo. Unlike Jigns are + and — • 

B 



2 EXPLANATION OF 

11. Tife co-eficitnt of any quantity is the m 
c]pre fixed to it. 

12. A binomial quantity is one confining o 
terms ; ^ triKpmial o[ three terms ; and a quadri. 
of four terms ; &c. 

I3« A refidual quantity is a binomial where c 
the terms is negative. 

14. The powoer of a quantity IS its fquare, 
biquadrate &c. 

15. The index or exponent is the number cx^i 
the power to which the quantity is involved. 

16. A rational quantity is that which has no 
cal fign. 

17. The reciprocal of ?iXiy c^\i2ir[\ily is that qu 
inverted, or unity divided thereby. 



Explanation o-f tHE CiiaracteRs 

+ Is the lign of addition. 

— — -" — of fubtradlion. 

X ' of multiplication. 

•»i- *--5 — ofdivifion. 

\/ — ^ . of the fquare root* 

3-\/ — of the cube root. 

m*/ ' • ■ ■ of the m root. 

ir • of equality. 

Thus flr+^ is the fum of a and ^• 

tf — ^ is the difference of a and h, 
tf CO ^ is the dilFerence of ^^and h whc 
not known which is the greate; 
aby oraX,b, or a.b is the prodiidl of a 

a-i-b or ^ is ^ divided by b* 



THE CHARACTERS. ^, 

I. 

t^a or a * is the fquare root of /i. 
I 

'^s/a or <a^ is the cube root of ^. 
a^ is the fquare of /z. 
a^ is the cube of «. 
#1 ** is the m power of a. 

a* is the m root of a* 

a is the reciprocal of a^ and — is the re* 

ciprocal of — ^'^ 
a 

In the computation of problems, the (irft letters 
of the alphabet are put for known quantities, and 
the lail lectern for thofe that are unknown. 



AXIOMS. 

1. If equal qnantitiet be added to equal quanti- 
ties the wholes will be equal. 

2. If equal quantities be taken from equal quan- 
tities, the remainders will be equal. 

3. If equal quantities be multiplied by equal 
quantities, the produ^s will be equal. 

4. If equal Quantities be divided by equal quan- 
tities, the quotients will be equal. ^ 

5. The equal powers or roots of equal quantities 
are equal. 

6. Two quantities reijpedlirely equal to a third, 
are equal to each other. 

7. The whole is equal to all its parts taken to» 
gethcr. 
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ADDITION. 

CASE I. 
7i add quantities that are like, and banje tike Jigns. 

RULE. 

Add all the co-efficients together, and to their 
fum adjoin the letters common to each term, pre- 
fixing the common £gn. 





EXAMPLES*: 




5« 


— 6bx 


^hxy 


7-» 


— 3^Ar 


yhxy 


%a 


"^ 2 hx 


^hxy 


oa 


— 7 ^* 


4% 


za 


— hx 


Shxy 


a 


•— 5^iv 


bxy 



33 tf — z^hx 28 bxy 



5-**+ h 7^Mf— y 

'^x^ + zxy Sax'^'^y 

x^-VZ^y Sax-^zy 

'jx^+^xy j^ax-^^y 

Ar*-f- ^ /Mf— y 



iyx^'\-i^xy -- 26 ax — lOj? . 



* 'When a leading quantity has no iign before it 4- is 
always underflood j and a quantity without any co-ef!icienC 
prefixed to it is fuppofed to have i, or unity. 



A D D I TIO N. 



iSt? 


- 8>* 




2xy 


-ly* 


4^-3^ 


•jxy 


- J* 


2<2— 8^ 


^ 


— 6y* 


/^-^ 


xy 


- >* 


3« — z b 



X 


34fy^ x-^rz^h 


2*-* — 3Ary 


zxy'-^^x+iai 




2xy — ^x+Sai 


JL 


5-^—3'^+ «^ 



CASE II. 
T'i? oild ^uantiftis that are like, iut have MnUkeJigns* 

RULE, 

1. Add all the affirmative co-efficients into one 
fum, and all the negative ones into another. . 

2. Subtrad the leail fum from the greateft, and 
to the difference prefix the fign gf the greatefl^ with 
the common quantity. 
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ADDITION. 



•^3« 

+ 7* 
+ 8a 

— a 

— 2<« 


8 

7 

lO 

7 

2 


E X A M F L 

+ %ax* 
+ 7 ax* 

— 3«** 
— 4tf;if* 

•i-^ax* 

+ 1 2 /tAf* 


E s : 

+ 6x^+^y 

- 3-^^+7/ 
-13*^8^' 
+ 2*-^-3>* 

• 


+9« 


— yx^ + igy 




+ 

+ 

— I 

— 2 


+ Sat*- y+ ^y^x 
— 10^*— 3^^+ av'Jf 

— 4**— 2J^+ ^X 


-f ^>'— 


+ 3^ 

6 by 
oby 

;o by 

by 


V* .. * — 4^;c 


— 2«» 

- 3«* 

— Sa* 

+ 10 a* 
+ iSa* 


hi 


— 3«^+ 3 
+ 8a^— lo 

+ 3^1^— 6 

— ab+ 2 

-^zab+il 










+^^hx' 

— Vbx- 
•~^6Vbx'\ 


3-^ 
8;r 


+ 
+ 


/^X* J*— 2 

IO;r*— 8 J'*— 4* 

3Ar*+loy-.i 





ADDITION, 7 

CASE ni. 

To add quant it Hi that are unlike, andha've unlike figm* 

RULE. 

Collet the like quantities together by the lafl 
rule> and fet down thofe that are unlike, one after 
another^ with their proper figns. 

examples: 

— /f zax-^-dx^ 

x^ %*/x^zax 



zx-i-^y-^^a^+x^ ^+5x*+3fl + 3v^^ 



12 ax — X* — 6+ y/^ax — ; 
— 6 Ajr+;ip*— ;ip+ lo 



^y^ax-^^-^lx/ax-^x^ 



5<Mf— \/tfjp— ;r — '*'4-iy 



Sx^j 2\^x^ 8 3«*— 8+;e*— 2<? 
'^2xy Sx^xy-^io 3^ — lo+tf*— 6^ 

X 

— 8;t*jr '^^+\^xy lo— «— ;t*— ;if^ 
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SUBTRACTION,. 



RULE. 

Change th« figns of all the quantities to be fuG)^ 
tra6led« and then add them toother as in addition, 
and the refult will be the remainder reqaired. 

EXAMPJbBS: • 

3 a*— 2^ OAT*— Sy + 2 35Jry— 2 + 8;r— j^* 
2/?*— 3^ x*-{- 9J— 20 24jfy— .8— 8jr— 3j? 



«*+^ 5**— I7J^ + 22 llxy + C-^lbx-^y^ + ^y 



%ax^2\^xy^io 4\/-— 10— 8*— 3;ry 

10* ^6*/xy-^ax — S-^— 7^ + 3 — y 



X 

^ax-\'\*/tcy — 10—10* \V-'^ll^x-\-2xy-\-y 

a 



^x^y^% \»/xy-^x»yxy 5^-^+ V'-— 8— 4^ 

a 

X 

—3^ + 10 2v^^ + X2+.ry 6jfy — 10 + 4^— V'- 

2 
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MULTIPLICATION. 

CASE I. 
To multiflj fimpli quantitus* 

RULE. 

Multiply the co-efficients of the two terms together, 
and to the produ6l prefix all the letters in thofe 
terms, and the refult will be. the whole produdt 
required. 

Jfot€. Like figns produce 4- , and unlike figns — « 

examples; 



2a 
3^ 


— 2tf 

— 8^^ 


j: 


-9* 
-5* 


6ab 


— 30a;r 


+ 4S** 


yah 


6a^x 

30«V* 


-7*^- 


^l^aHc 


^xy 


+7*y 


a 


-7* 


« • 

-3 




hb^b 







xo MULTIPLICATION.. 

CASE II. 
If^en one of ihefaBors is a compound quantltj 

K U L E. 

Find the produ6ls of the multiplier, and twery 
ticular term of the multiplicand feparately, 
place them one after another, with their proper H 
and the refult will be the whole product rec^uire 

examples: 
3« 2x ^xy 



12«*— 6a^ I2x*y'^i6x 24^*^5?— 6*^+ 1 8 



^pe-^a 5*— 7^ SJ'— 8 + 2^, 



CA s E in. 

When, loth the faSors are compound quant itiei 

RULE. 

. Multiply ev:ery particular term of the multi 
into every term of the multiplicand.refpedively 
fet down the produfts one after another, with 
proper figns, and their fum will ht the whole 
du^ reqoifed*. s 
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liXAMPLES: 



*+j^ »+y x'-^y 

x-\^y x^y x^y 



**+;ry **+Afy x'^'-^-xy 



~itu 



^*+2jry-fj^* X* ♦ •«-j'* x^'^2xy-\'y^ 



-L< I I > 






l^x*-{-l2xy x^-^x*y — xy"*" 

-^lOxy—Sy* -^xy-^xy^—y^ 

•• • 

l^x^-^-zxy — 8jf* x^ % 2xy^"^y^ 

x^y X— jf+s: 



x^'\'xy-j-xy^ x^-i-xy^-^xz 

^x^y—xy^^y^ ^xy'-^y'^-^yx 



x^ * « —y^ 



3^*— 2Jfy + 5 



-^-xz-i-yx^^z^ 



+ 6 a:'j> — 4 *>* + i oxy 

— gx* + Cxy-^i^ 

3**4.4^jr— 4**— 4x>*+i6*y— 15 



12 MULTIPLICATION. 



EXAMPLES FOR PRACTICE. 

1. Multiply 12 ax by 3^. ProduB 36 a* x 

2. Multiply 4Af*— zj' by zy. Produa 8;r^— 4^* 

3. Multiply 2x-\-\y by zx^^y. 

Produa\x^^l6y* 

4. Multiply Af'+;ip^+Afy*+j^' by x-^y, 

Produa X y^ 
5^ Multiply x'^'\'xy'\-y'^ by Jr*— ^^vy*. 

Produa Jc*+;p>*+y 

6. Multiply 2^1*— 3<iAf+4Af* by 5 a*— 6<7;r— zx*. 

'Produa loa*— 274!i';if+34«V— i8tf*^— .8;ir* 



DIVISION. 



C A S^ E I. 

When the di'vifir is afimpU quantity^ 

RULE. 

1 . Place the dividend above a fmall line, and the 
diviibr under it, in the manner of a vulgar frac- 
tion. 

2. Expunge thofe letters that are commoii to both 
;4he dividend and divifor» and divide the co-efficients 

of all the terms by any number that will divide them 
without a remainder, and the refult will be the 
c^uotient required. 

2^ote. Like iigns make -f , and unlike iigns — > 
the fame as in multiplication. 



BIVISION. 13 

examples:. 

sy 

1. Divide i8;if* by 9;^. patient 2x, 

2. Divide lOAry by — S^y. ^otient — 2j^ 

3. Divide '■^gax^'y* by ^^y*. ^otient -Jiiy 

4. Divide — ^x*" by — 2 at. ^^otient +4Je 

• jf* 

5. Divide «+ 3 ^wf—;ip* hj a, ^otient i + 3^ 

6. Divide 3/1*— i5 + 6i?+3[^ by 3^?. 

c b 

iPuotient a — ^ + 2+ — . 
£t a 

CASE II. 

When the di*uifor and di*vidend are both compound 
^uantitits, . ' 

RULE. 

1 . Range the terms of both the quantities accord- 
ing to the dimeniions of-iomft If ttcria them ; fo that 
the firft term may Jhav^ (he higheft power of that 
letter, and the fecond term the next higheft power ; 
and foon. 

2. Divide the firft term of the dividend by the 
firft term of the divifor, and place the refult in the 
quotient. 

C 



12 MULTIPLICATION. 



EXAMPLES FOR PRACTICE. 

1. Multiply 1 2 ax by ^41, ProduB ^6 a* x 

2. Multiply 4;^*— 2j> by zy. Produa 8;r^— 4;* 

3. Multiply 2x+j^y by 2*— 4^. 

ProduB 4;^*— 1 6j^* 

4. Multiply x'^-\'x'^y-\rxy^Ary^ by x^y. 

Product X y^ 

5. Multiply x'*''\'xy'\-y'^ by x'*'^xy-\-y'*-. 

Produa x*+;ry +j^* 

6. Multiply 2a^'^iax-\-\x^ by 5^*— 6^^:— zat*. 
'Produa loa*— 27a';r+34aV— iSiW^— 8;if* 



DIVISION. 



C A S^ E I. 

i^i&^« the di'vijor is afimfle quantity^ 

RULE. 

1. Place the dividend above a Anall line^ and the 
divifbr under it^ in the manner of a vulgar frac- 
tion. 

2. Expunge thofe letters that are commoh to both 

4he dividend and divifor. and divide the co-efficients 

cf all the terms by any number that will divide them 

without a remainder, and the refult will be the 

quotient required. 

"Note. Like figns make -f , and unlike figns — , 
the fame ^^ in multiplication. 



BIVISION. 13 

examples: 



« 



1. Divide i8;if* by gx, patient 2x. 

2. Divide lox^y^ by — S^V* ^o/ient — 2j^ 

3. Divide — piw^* by 9^^.. patient — ^ 

4. Divide — S;e* by — 2;c. ^otient -{-^x 



x'^ 



5. Divide «+3^wf— ;ip* by a, ^otient i + 3^ 

6. Divide 3/1*— 15 + 6^+3^ by 3^1. 

c b 

iPuotient a — ^ + 2-1 . 

a a 



CASE n. 

When the di*uifor and di<vidend are both compound 
quantities, ' -■ 

RULE. 

1 . Range the terms of both the quantities accord- 
ing to the dimenfions of-fome btteria them; fo that 
the firft term may have the higheft power of that 
letter, and the fecond tervi the next higheft power ; 
and foon. 

2. Divide the firft term of the dividend by the 
firft term of the divifor, and place the refult in the 
quotient. 

C 



12 MULTIPLICATION. 



EXAMPLES FOR PRACTICE. 

1. Multiply I2tfjf by ^41. Produ3 36a* x 

2. Multiply ^x^-^zy by zy. Produa 8;r^— 4;* 

3. Multiply zx-\'i^y by zx-^^y. 

ProduB ^x'^~^i6y* 

4. Multiply x^+x'^y-{'xy^+y^ by x^y, 

Produa X J* 

5. Multiply ;c*+;rf+j'* by Af^—^+j'*. 

Produa x*+;ry +j^* 

6. Multiply za^-^iax'\'\x^ by 5^*— 6^^:— zat*. 



DIVISION. 



C A S^ E I. 

When the dinjifor is afimfle quantity^ 

RULE. 

1 . Place the dividend above a Anall line^ and the 
divifbr under it^ in the manner of a vulgar frac- 
tion. 

2. Expunge thofe letters that are commoh to both 

4he dividend and divifor, and divide the co-efficients 

of all the terms by any number that will divide them 

without a remainder, and the refult will be the 

quotient required. 

"Note. Like figns make 4-, and unlike figns — , 
the fame a$ in multiplication. 



» I V I S I O N. 13 

EXAMPXiES: 



jr* 



1. Divide iSx** by gx. patient zx, 

2. Divide lox^y'^ by — 5*V- ^otient — 2j^ 

3. Divide — piw^* by g^y-. patient — %y 

4. Divide — S;ip* by — 2;c. ^otient -{-/^x 

5. Divide «+3^wf— ;ip* by a, ^otient i + 3^ 

6. Divide 3/1*— i5 + 6i?+5^ by 3^1. 

Quotient a — ^ + 2 + — • 

CASE II. 

When the di^uifor and di<vidend are both compound 
^uantitsis, ' • 

RULE. 

1 . Range the terms of both the quantities accord- 
ing to the dimeniions ofibmc btteria them ; fo that 
the firft term may hav^ the higheft power of that 
letter, and the fecond teroi the next higheft power ; 
and foon. 

2. Divide the firft term of the dividend by the 
firfl term of the divifor, and place the refult in the 
quotient. 

C 



12 MULTIPLICATION. 



EXAMPLES FOR PRACTICE. 

1. Mmlliply I2tfjf by ^41. ProduB ^6 a* x 

2. Multiply 4^:*— 2j^ by zy. ProduS 8;r>— 4;* 

3. Multiply zx-\i^y by zx-^j^y. 

ProduS ^x^-^l6y* 

4. Multiply x^+x'*y+xy^+y^ by x—y. 

Produa X y*" 

5. Multiply x*+;<ff+>* by ;(f*--xy+J'*- 

Produa x*+;ry +j^* 

6. Multiply 2i?*— 3/rx+4;r* by 5^*— 6^^:— zat*. 
'Produa lOa*— 27a';r+34aV— iSa*"'— 8;if* 



DIVISION. 



C A S^ E I. 

When the dinjijor is afimfle quantity, 

RULE. 

I • Place the dividend above a Anall line^ and the 
divifbr under it^ in the manner of a vulgar frac- 
tion. 

2. Expunge thofe letters that are commoh to both 

/4he dividend and divifor, and divide the co-efficients 

of all the terms by any number that will divide them 

without a remainder, and the refult will be the 

quotient required. 

V9U. Like figns make +, and unlike £gns — > 
the fame as in multiplication. 



BIVISION. 13 

examples: 

1. Divide i8;if* by 9;^. ^otient ix, 

2. Divide 10 a?*/* by — 5^^^. ^otient — 2j^ 

3. Divide — piwc^* by 9^^..' ^otient — %y 

4. Divide — S;e* by — 2;c. i^otient -{-^x 



x'^ 



5. Divide «+3^wf— ;ip* by «• ^otient i + 3^ 

6. Divide 311*— i5 + 6i?+3^ by 3^?. 



a a 



CASE II. 

When the di^uifor and di<vidend are both compound 
quantities , ' . -- . 

RULE. 

1 . Range the terms of both the quantities accord- 
ing to the dimeniions ofiome If ttcria them; fo that 
the firft term may have the higheft power of that 
letter, and the fecond.term the next highelt power; 
andfoon. 

2. Divide the firft term of the dividend by the 
firft term of the divifor, and place the refult in the 
quotient. 

C 



14 DIVISION. 

3* Multiply the whole divifor by the quotient 
term laft found, and fubtradt the refult from the 
dividend. 

4. To this remainder bring down the next term 
of the dividend, and divide as before ; and fo ont 
as in common arithmetic. 

Note, Like &ga$ produce +, and unlike figns «—• 



BXAMPLES: 



^4- a*x 



4tfV+5«flp* 



ax*+x^ 



x^^^x^ 

—6;r* 4- 27* 
— 6;p*4.i8;r 




DIVISION. 15 



a^-^a^x 



«*,*— 

«•*- 


'X^ 

.ax* 






ax* 
ax* 








• 






?.-i 



IXAMPLSS POR FHACTKCB.. 

f. Divide a*+2/wp+jr*^ by a-^-x, Quotient a+x 
Z* Divide «' -i-^j 4i^ + 3 tfy* — >' by «— -jr . 

Quotient a*^^zaj+y* 

3, Divide I by i—jr. Quotient i+;if+;ip*+;r*&c. 

4, Divide 6;ir**^6 by 3X— 6, 

^uotienf 2x^'h^»^+Sx+ 16 

5, Divide a' -^54^4r-)- lOtfV— io«V+5«;if*— ** 
by a*'^z.ifx.+x*. Quotient «'— 3 «V+ 3 ax*^x? 

C i 



[ i6 ] 

ALGEBRAIC FRACTIONS. 

PROBLEM I. 
7tf reduce a mixed quantity to an improper fraSHon* 

RULE. 

Nkildply the integer by the denominator of th« 
fradlion, and to the produd add the numerator; 
and the denominator being placed under this funt 
will give the improper fra^on required* 



BXAMPLB8: 

^^ T ' 7 ^ ^ 

c c ' ^3 3 3 

2 9C a^^2x . a*'^ax «!*«—;*•* 



I— — = ; «— '*•+ 



i9 ax X 



Let the following mixed quaatities be reduced 
to imprdper fradtions : 

8 ; «*— ,; i+2;v -i 6 + -^; 

7 : ^ 5^ ^ 



r R A C T I 6 N K, 17 



P R O fr L> E M IL 

To reduce an- hnf roper fraSiou to a txibole or mixed 
fHantitj^. 



RULE. 

Divide the numerator by rfie denominator for the* 
integral, part, and place the remainder over the dc- 
Bommator fop the fradtional part> and it will be^ 
the mixed quantity required. 



E X A M p L E sr ' 

4 4^ o a-^x a—'X 

Let the following improper iVaftions bo redbgedi 
to mixed quantities. 

^c 28 7,ab^b^ 2af*y i5— 2Ar* 
84 a 2x if-^-x 



PROBLEM Hli^ 

y«r reduce /rations af different den^minaiors^ to thofe' 
»f the fame value that fiaJl bwve a common denominator.' 

c J 



i8 FRACTIONS. 



R U I^ E. 

Multiply every numerator feparately into all die 
denominators but its own for tne new numerators, 
and all the denominators together for the common 
denominator required. 



examples: 

a h ' 

r« Reduce -^ and~-^ to fra^ons of equal values 

o c ' ■ ■ ■ ' - 

that fhall have a common denominator. 

by^b -=. b^ 



■- ^Xr = be 

. — — and-y^ zz fra&ions required, 
' be be 



'»; Reduce — — , — and — to equivalent frac- 
b c d 

tions, having a common denominator. 

aXeXd = aed 
bxbxd =: bU 
eXbXe = eH 



bXeXd zz bed 
acd bU , cH 



CO 

-—, . , and -T-^zi fra^hns required. 
bed bed bed '' ^ 



FRACTIONS, 



'9 



2 j^ b 

3. Redace — and — to equivalent fraftions, 

AC- » 

having a common denominator. Anf» and f— 

ac ac, 

4. Redace -f. and ^ to a common denomi- 
nator. ' . Jnr.fLand^t±l\ 

be be 

5. Reduce ^ — , — ~ and ^. to a common denomi- 



6tfr 6ac 6 



ac 



6. Redace -2. , and ^ -f -il to a common 

4 3 ^ 

denominator. Jn/. 1±., iff W !l£±2±f . 

I2i2 12i2 12a 



PROBLEM IV. 

To find the great eft common meafure of a fraSion. 

RULE. 

1 . Range the quantities according to the dimen- 
fions of fome letter^ as is ihewn in diviiion. 

2. Divide the greater term by the lefs, and the 
lad divifbr by the lail remainder, and fo on till no- 
thing remains ; and the divifor lafl ufed will be the 
common meafure required. 

NotCy AH the letters or figures that are common to 
each divifor^ muil be thrown out of them before they 
are ufed in the operation. 



zm FRACTIONS. 



ExAMPtssr 

!• To find the greateft common meafure of 

CM + x^) ca* + a*x 
•or e+x )ca*+a*x{a* 
ca*+a*x 



There/on the grmUift common mea/un is c-\-x. 
2. To find the greater common meafure o£ 

x^+26x*+6^' 

x^+zix-l- i*)x^^6*x{x 

x^ + 2Sx*+S^x 



or X + i )x*+2l^x+6^{x+i 

x^+ hx 



hx+i^ 
hx+B^ 

Therefn-i x+6 is thi greatefl common din>i/or, 

3. To find the greateft common divifor of 

y^ ^4 

. '■ . ■ ■ , » Anf, ^— ^*. 

4. To find the greatefi common meafure of 



F R A C,T I O N S. 2j 

PROBLEM V. 

To reduce a fraSipn to its Itmjoeft terms* 

RULE. 

I • Find the greateft common meafure « as in the 
laft problem. 

2. Divide both the terms of the fraftion by the 
common meafare thus founds and it will reduce the 
fradtion as required. 

BXAMPLfiS: 

I. Reduce ^"^ ■■ to its loweil terms. 

There/hn c+x is tbegreateji common mea/un, 
and c+x)-f^Lt^z:l:s:/raaion required. 

t. Having —- — given, it is required to 

reduce it to its leaft terms. 

^'■+26x+6^)x^'-6'^x{x 

x^+26x^+i^x 



fir x+6)x^+2l^x+ii>%x+i 
x*+ ^x 



bx+b^ 
bx+b^ 



*• 



K» FRACTIONS. 

Tbirefore x-^-b is tbi greatefi common mea/un, 

4. To reduce ... 7^r^. to it» loweft tcmu. 

*• Rednce ^i,^I^»+>i toit»lowefttenn«. 



tf— « 



PROBLEM VI. 
^9 M/\ra&ionalfuaHtiHa togetbtr*. 

RULE. 

1. Reduce the fractions to a common denomina- 
te^ as im problem the third. 

2. Add all the numerators together^ and under 
their fum write the consunon denonAinator^ and it will 
give the fum of the fradions required* 

BXAMPLti:^ 

I . Having — and — given^ to find their Turn. 
« 3 

*X3 = 3* 
xXz =: 2x 



«X3 = 6 



6 6 6 



FRACTIONS. ,j 

2. Having _, _ and — given, to find their fum. 

axd>^f = ad/ 
cxSx/zz chf 
tXhxd = ehd 



hy,dxf = ^-^ 

^ €hf M_ adfJtthfJtehd _ . , 

3. Add tf— ^ «W *+iZ2i together* 



? X^ = ^x— 2^^ 



^ Xf = ^ 
If** 

*+ -77— 



• 1 I ^^ 3f4P*— 2^*^ -^ ^ . > 

«+^+— i-T— — .rry«»* required, 
be 

4. Add il ««^ — together. £'«» 'y^+f^* 

2^ 5 lob 

X X X X 

5. Add.!^, —^and — togethen Sum x+ — 

234 " 



6. Add f:r2. «ir^ if togeth«. Sum 'ifHH 
5 7 *' 



7> Add*+^li««/3*+— —? together. 
3 4 

Sm. 4*+i£fl=lIZ 

12 



24 FRACTIONS. 

PROBLEM Vn. 
To fuhtraH omfraSional quantity from another • 

RULE. 

' I. Reduce the fractions to a commoa denomina-* 
Xox\ as in addition. 

2. Subtract the numerators from each other, and 
under their difference write the common denomina- 
tor, and it will give the difference of the fhi6tK)ns 
required. 

examples: 

I. To find the diiFerence of fl-and-H. 

3 " 

2XX 3= Sx 



: 3X11=33 > . : . 
ii5— l£=£f =: ^ifereftce required. 

2. To find the difference of fZ;f and !fZ±f. 

I 

X — a X^czz^cx—^ ^ac 
■> T. . 2tf— 4*!X3^=6^^— j2^>f 

3^X5rz=i5^r . 
5 f Ar--5 ^r 6^^— > 1 2 ^;y _ 5r;ir — 5ar — 6^^+ 1 2^a? 

difference required. 



FRACTIONS. »5 

I 

[ 3- From H take ?f . Difference Ul 

\ 7 9 63 " 

I 4. From i+f take i.. Difference ±±^:zt. 

^. b d bd 

i S. From l5+f take if±2. 

i =5* 8 



j^ob 



X 



6. Pioxn 3^+-?- take-jiP— 






PROBLEM Vra. 
^c multiply frABional quantities together. 

RULE. 

Multiply the namerators together for a new nu- 
merator^ 9n4 the denominators for a new denomi- 
nator^ and it will give the produ^ required. 

examples: 

!• Find the produd of^ and If. 

D 



l6 FRACTIONS. 

2. Find the produft of —, If and 125. 

25 21 

2X 5 X 21 J -210 -21 -/'•^«^^f« 

3. Find the produa^f JL and lii. 

«xr+7 j^sqp^-^''^^*^ '•^^^ 

4. Find theprodua 6f II luid J±. Produai 

2 ^ 

r . Find the produftDf if and 2JL. Ptodua i 
^ 5 2« 5 

6. Find the contiiiued produa of — , 2fi 

a. c 

ifi.. ^ Frodua 

2.b 

7. Find the produft of b^— and -1. 

a X 

Frodua ffd 

5. Find the prodnft of fJpfT aiid t±^. 



PROBLEM IX, 
To divide onefraaional quonfiiy iy another • 

RULE. 

^ Invert the divifor, and proceed as in multip! 
tion. 



FRACTIONS. 27 

XXAMPLE$: 



2X 



1. Find the quotient of-^ divided by 

3 ' 9 

^ 9 9* 3 X 

— X —— rr-rgw-sr— i-rs I J:c quotient requires. 

i. Find the quotient of il divided by ±i. 
-r- X — ^ ■ .j F* :;s— Tj-r =; quottent requindm 



3. Find the quotient of J±l. divided by il±i. 

2X-^2^ Sx + a 

4. Divide If. by ifi- P«(»//V»/ Sif . 

3 3^ « 

5, Divide izf by Iff. ie«^//V«/ fzf . 

6, Divide ;;,;:^J^^.^, by ^. 

^oiient x+ — • 

X 



INVOLUTION. 

In'volution is the raifing of powers from any pro- 
pofed root ; or the ipethod of finding the fquare, 
cube> biquadrate> &c. of any given quantity .^ 

D % 



a» 



INVOLUTION. 



RULE. 

Multiply the quantity into itfelf as ofcen. as is 
noted by the index, and the laft produdt will be 
power required. Or 

Multiply the index of the quantity by^ the it 
of the power^ and the refult will be the fam 
before. 

Note, When the fign of the root is + all 
powers cf it will be -f ; and when the fimi i 
all the odd powers will be — > and all the < 
powers +. 



EXAMPLBS: 



a, root 



a* "zz /quart 
a^ zz. cube 
' n^ zzi ^h potjuer 
a^ z= ^th fetver 




— 3tf> root 



— 2flr;c J root 



+ 1^^^ -rifquan 
-^ ij a^ ^ cube 
+ %l c^ zz i\tb power 
^^ZJ^^a^ z= ^tb ponAter 

-f j^a^x^ zi/quare 

— %a^x^ zzcube 

-f 1 6 a^x^ zz /^th ponver 

— ^za^x^^ zz f^th potoer 



I zz/quare 



root 



I X 

y — zz cube 



\i=- 



quadrate 



iNy QL u Tio n; 29 






cube 



3^ \ ?7^V. 

4/A po*w(r 






M + azz root 



ff + a 



^p*- 



4- ^?*^-i-3«*<^+3«^*+^ 

EXAMPLES PpR PRACTICE. 

E, Required the cube or third power of la^. 

Anf, %a^. 
2. Required the 4th power of la^x. Anf, i6a^x*. 
3,. To &od the 3d power of — 8a:^?. 

Jft/. 5 1 2x*y^. 
D 3 



33 IN VOL U TION; 

4. To find the biquadrate of — 



Zi^X 



3^* 
5. Required the 5th power of «— jr. 



Sir ISAAC NEWTON's Rv lb for rai/^ns 
a binomial or rifidual quantity to any fonoer njJbat^ 
i*ver. 

I • To find the terms tmtbout tin co-eficiints^ The 
index of the fird, or leading quantity, begins wttb 
that of the given power , and decreafes continuall/ 
by I, in every term to the lail; and in tine following- 
quantity the indices of the terms are o^ i^ 2, 3> 
4, &c. 

2. To find the uncia. or eo^fficiettts. The £rft is 
always I, and the iecond is the index of the power ; 
and m general, if the co-efficient of any term be 
multiplied by the index of the leading quantity, and 
the produA be divided by the numMr of terms t<» 
that place, it will give tlie co-efficient of the ternt 
next following. 

Notiy The whole number of terms wHl* be one 
more than the index of the given power ; and when 
both terms of the root are -f , all the terms of the 
power will be -f > ^u^ if the fecond term be — , thea 
all the odd terms will be-|-, and the even terms — »• 



examples: 

I. Let a-^-x be involved to the fifth pow$ir. 
The terms 'without the co-efficients luill he 
«*, a^x, a^x^, aV, ax*, x^. 
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and the to- efficients ivill Be 

5X4 10x3 10X2 5x1. 
** 5» * * * » 

2345 
or I, J, 10, 10, 5, I, 

And therefore the ^tb potjjer is 

2. Let jr— ^ be* inrolved to the 6th power* 
The terms wthout the co-efficients 'will he 
*^, x^a, x*a*, x^a^f x*a^, xa^, «?, 
and the co-efficients ivill he 
t A ^^5 ^S^A- 20X3 15X2 6xi 
2 3 4 c 6 

flr I, 6^ 15, 20, 15, 6, I, 
^jh/ therefore thefixth frwer ofx'^a it 

3* Find the 4th power of X'-'U. 

Anf ;ir*— 4;r*tf+6;r*a*-.4;ctf'+«*. 

4* Fiiid the 7th power of x+^. 
^)|/I*^+7**a+2i;(fV+35**ii*+35;eV+2l;rV + 



EVOLUTION. 

E*o9huion is the reverie of involatioiiy and teaches 
to find the roots of any given powers* 



CASE L 
T§ fnd thi rwts of Jim fie fuantities* 



3Z EVOLUTION- 

RULE. 

Extract the root of the co-efEcient for the nume- 
rical party and divide the index of the letters by the 
index of the power, and it will give the root re-- 
quired. 

1. The iqaare root of gx*:=:^x^zz^x^ 

2. The cube root of ^w^zzzx^zzzx. 

3r The fquere root of ^a*x^i::a^x^^tzzax^%/^ 
4» Thccuberootof — i^5i»3;r^=:5«'^jr"'^— 5«;r*. 
5* T);u^huius4tH^^ogtofi6^i^z;z^'*x^;;^2aff\ 

CASE n. 

To find the f^uwrf root of a compound quantity^ 

RULE. 

1* Range the quantities according to the dimen- 
lions of fome letter, and fet the root of the firft term 
in the quotient. 

2. Subtrad the fquare of the root, thus found, 
from the firft term, and bring down the two riext 
terms to the remainder for a dividend. 

3. Divide the dividend by double the root, and 
fet the refult in the quotient.. 

4. Multiply the-jdivifor and quotient by the term 
laft put in the quotient, and lubtrad the produ^l 
from th^ dividend^ and fo on^ s^s in co];R;non aiith- 
metic. 



EVOLUTION. Si 

BXAMPL.IS: 

I • Extrad the f^aare root of ^+ 1 2a^x+ 1 leP'x^ 

^ 

. 4^*+ 3«*) 1 2«'*+ 1 3^*** 






2. Extract the fquare root of x^—4»'+6jr*-—4jr+ 1< 



2Ar*— 2;c) —4*^ H- d«* 
—4*5+4** 



2;r*— 4-*+ i)2;(r*— 4;if4- 1 
2af*— 4*+ 1 



3. Required the fqoare root of 4*+4ii^;if46«V 
+40*^4.**. Jnf. a*+2ax+x\ 

4. Required the fquare root of ;ir*— 2*'42fL— 

T 16" ^^/' **— ^4-- 

4 

5. Required the fquare root of a*+x** 

Anf. a+f. g-;4- ^ — &c- 

2a 84^ 1 6a' 



S4 EVOLUTION. 



CASE in. 

T^findihi roots of powers in general* 

RULE. 

1. Find the root of the firft tenn> tnd pt»ce xt im 
the quotient* 

2. Subtract the power« and bring down the Tecond 
term for a dividend. 

3. Involve the root^ laft found, to the next lowefl 
power, and multiply it by the index of the given 
power for a divifor. 

4. Divide the dividend by the divilbr, and the 
quotient will be the iktxt term of the root. 

. Involve the whole root, and fubtra^ and di- 



ide 



vide as before ; and fo on tiH the whole x»-finiihed. 



BXAMPLESt 



1. Required the fquare root of a^^ia^x+'^a^x* 



«♦— 2«';if+ uV* 



<i*— 24i^;r + 3tfV— 2«*^ -f ;c* 



8 U H D d. 3; 

2. Extrad the cube root of x^+Sx^'-^^ox^+gCx 
—64. 

x^ + 6x^ —40*^ + g6x'^6j^.{x* + 2;r — 4 



3x*) 6x^ 



;r«+6;r5 + i2*H-^** 



3**)— 12V* 



;if*+6«:5— 4c^«+96jr— 64 

♦ 

3. Required thq fquare root of /i*+z«^+2*«f +8* 

4. Required the cube root of x^-^Sx^-^-i^x^^zo 
x^ + iSx^^Sx+i. Anf, x^-^ix-j-i. 

5. Required the biquadrate root of i6a^ — 96^^^? 



SURDS. 

Surds are fuch quantities as have no exaft root, 

and are ufually expre^ed by fractional indices : thus, 

the fquare root of 2, and the cube root of 3, &c. 

cannot be exactly determined^ but may be denoted 

I I 

by 2^ and 3^ &c. 

PROBLEM I. 
7i reduce a rational quumity U the form of a Surd. 



36 SURDS. 

RULE. 

Moltiply the index of tKe raticmal quantity by the 
index ofthe furd^ and over this newr aaandty place 
the radical iign, and it will be of the xona required. 

examples: 

1. 3 redaced to the form of -^7 is i/3"*=\/3* 

2. ;^ reduced to the form of V« is V*"*'=V[^. 

3. tf+^ redu ced to the form of \/cx is ^a+f\ *=z 

4. -.f^ reduced to the form of ^c is a/^L. 

PROBLEM IL 

Ttf nduce quantities of different indices to other ffui^ 
talent ones, that Jball iave a common index. 

RULE. 

1. Divide the indices of the quantities by the 
given index, and the quotients will be the new indi- 
ces for thofe quantities. 

2. Over the iaid quantities, with their new indi- 
ces, place the given index, and they will make the 
equivalent quantities required. 

examples: 

I. Reduce 15^ and 9^ to equivalent quantities 
having the common index |. 



SURDS. 37 

l-rf =1X4=1=1= \ft index. 
-;^|=|X|=^=|= 2d index 

3T?erefore 1511* and f^x? zz^^tumtitles required, 

X 

2. Reduce e^ and x^ to the fame common index 4« 

4-r-T=TXl=T= \ft index 

^Iberefore a^ and jrip =: quantities required. 

3. Reduce 3^ and z^ to the common index -I . 

-'^ 27)^ amT^ 

T f . 

4. Reduce 4»^ and hi^ to the common index \. 

An/, tf j| 8" «wT^ •'4 

5. Reduces" and ^* to the fame radical fign. 



r ; 



PROBLEM III. 
y<p reduce furds to their moft fimple terms. 



RULE. 

Find the root of the greateft power contained in 
the given furd, and fet it before the remaining 
quantities^ with the proper radical fign between 
them. 

examples: 



I. •48=:v^ 3Xib= \/i6x\/3=4i/3. 
a. v'75=v^25X3 = V25XV'3=SV3- 

E 



3« SURDS. 



3. V8i=V2 7X3=:V a7XV3=:3Vj. 
5. S^l^»=;r>xXf^*,- «';c— aVl'zztfX 



PROBLEM IV. 
To add /urd quantities togitber, 

RULE. 

I s Reduce thofe quantities that have unlike in* 
^ices to equivalent ones» having a common index. 

2. Bring all fradions to a common denominator, 
and xeduce the quantities to their iimpleit terms, as 
in the ]aft problem. 

3. Then, if thefurd part be the fame in them all, 
annex it to the fum of the rational parts, with the 
iign of multiplication, and it will give the total fum 
required. 

If the furd part be not the fame in all the quan- 
tities, they can only be added by the figns + and — . 

examples: 

1. 2i/5+7V'5=^T7XV5=9V5' 

2. \/27 + v'48=3V3+4'/3=7^^3- 
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4.3X^^=8X4^ 

4. v'27^*+\/3«V^=v'9^X3;r+\/^V*X3A- 

=3«* \/3^+Avv'3*=3«T^ Xfl X \/3J<f. 

^24. .2 72 CO 36x2 , 

25 3 75 75 75 

•-2 =6^— +5 >/ — =1 1 ^/ — 

, 7S 75 ^75 7S 

S^ IO« 8X4^ 27X4 2 

■a ^ h^ ^ h^ a" , I 

a ba a ba a*/ba 

PROBLEM V. 

To /ubtra£t furd quantities* 

RULE. 

Prepare the quantities as in the lafl rule, and an- 
nex the diiFerence of the rational parts to the com- 
mon furd^ with the iign of multiplication. 

Examples: 

I. 3^/18— \/i8=:3— IX \/ 18=2 v'lS. 

£ 2 



40 surds: 

2. 2V50— v'x8=2v'25X2— v^oxzmxcx 
•2— 1x3x^/2=7 V2. 

3. Vi92-V24=V64X3-V83<T=r4X3"^ 
— 2X3»=4— 2X3'=:2X3^ 

4. \/8o^i^ ^-»v/20fl*;r^=lv/'lOg->Xs;r— 
^/4tf V X s*=4flV5.*— 2«t^5jr=:^»— 2tf* 

*5 3 75 75 75 

.45X2 . 2 2 7 2 

6. 3^i£.3^2.=JLxV-^V-i-= 
27 43 4 4 

Jt JLxV— =— xV— 

3 3 4 3 4 ' 
7. a/ v' — =\/-t;— V— =— XA/-i 

"jT >< -V/-T= — r- X V-T=: =r7* 



PROBLEM VI. 

To multiply furd quantities togetber* 

RULE. 

Reduce the furds to the fame index ; and then the 
produd of the rational quantities being annexed to 



S tr R D S. 4t 

the proda£t of the furds^ will give the whole pro^ 
du^ required. 



BXAMFLBS: 



1. •ioxv'5=i/5o=v'25>< 2=5^/2. 

2. 3V'8X2\/6=3X2v^8x6=:6v'48=:6-/i6x3 

=4x6x^^3=24^3- 

2 I 3 7 28 3.76 

3 8 4 10 3 64 4 10 12 
^56 I ^ 4X14 1 2 ^ 14 2 ^ 

640 2 64x10 28 10 16 

10 "" 8 "^ 5 ' 

i,^ i^.i '»3 
4- — xV-^x — xV — = — xV — X 

3 25 43 2 

J-xV^=-xi.xV^^=-xV-^ 

S 12 3 5 2x12 15 ^ 24 

=:— X3V'-i-= — X — X3'= — X3^ 
15 8 15 2 ^ 30 ^ 

I 2. 3 4 5 • — 1« 

5. ii*Xtf3=tf^Xtf^=ia^=tf5J7J. 

6. 5A-*j^3x6;rV=S*^y^x6;rT^^^^=:30*^* 
^^^=3oX;t'tFl^'^. 

rzr^* -=7)4 n::?)* 

E3 



4* 



S U t, D S. 



4 • 

*» *' ** *' ** 



i — ' 



a "'r?\i 









10. ;r+ vO^Xjf— vO'=^*—J'- 

12. ^a+ v^^— v'S X \/«— V'^— •S 



PROBLEM VII. 
yi divide omfurd quantity by another. 



RULE. 

Reduce the furds to the fame index ; and then the 
quotient of the rational quantities being annexed to 
the quotient of the furds^ wiU give the whole quo- 
tient required. 



examples: 



1. •375-^v<S=V'— =v'75=v'2.;X3=5v'3 

S 

o 108 - 



/ 



3. -i-^. ' 



SURDS. 

3542 "35 » 



43. 



+ ^35 
" 135 8 9x3 8 3 



8 



8 



4— xV-.o . 
7 '89 5 



8 



v'^=ix^x 

772 



189^ 8 



J=iix3^. 

J'' 



6. _;r*j>*.- -^ 



5 4 






i A 1 * — ;^Jt 



PROBLEM Vm. 
Ti tHvelveJurd quantities to any fc*wer, 

RULE. 

Multiply the index of the quantity by the index 
of the power to be raifed, and to the refult annex 
the power of the ratignal parts^ and it will be i^- 
volred as reqaired. 



44 SURDS. 

1. The cube of •iizi^^^ziz^rrT^^^zrS*. 

2. The fquarc of JLj^^J^^zz-^a^ 
4-3- 3 9 9 

9 —., 

3. The 4th power of JLi/J_=:-l-X—U^^ 

2 3 16 3 1 

"""16 ^ 3 I "" i6 3 I ""7^* 

4. Thefqua«of^x"Z|'=-J.x3'^"=^ 

5. The «th power of eP^zuci^ ^ :nai^zza\' 

6. The irth power ot x+y\^'z:x'\-y\m:=^x-\-y p. 

7. The fquare of 3 + ^/5 = 14+6^/5. 

8. The cabeof^r— v>=;r'— 3**y>+3^~J'V>« 

PROBLEM IX. 

To find the roots of fur d quantities. 

RULE. 

Divide the index of the given qoahtity by the 
index of the root to be extraSed» and to the refult 
add the root of the rational part^ and it will give 
the root requiredi 



SURDS. 



45 



I. 

2. 



XXAMPLBS: 

Thcfquareroot of3'r=3' • =3 • 
Thecuberootof — xa^n X* * "^rr— -«. 







fl' 



4.. The 4th root of ^x^zzx^ x 3*=:3* X x^ 

r r — p> 1^ 

5. The «tli root oi x'^^x^'^lx «« 



6. 

7- 
8. 






The »th root of x^y^z=,x^y^zzx + j| 
The fquare root of jf* — 4^ V^^ +4<'~'y— -2 \/^«> 
The «th root of ;r— 2 \/jr+7=:;r— 2 \/*+jl*. 



Of INFINITE SERIES. 

^« infinite feries is formed from a vulgar fra6lionj 
having a compound denominator^ or by extrafling 
the root of a lurd quantity; and is fuch, as^ being 
continued^ would run on ad infinitum, in the manner 
of a decimal fradlion. And^ by obtaining a few of 
the firft terms, the law of the progreflion will be 
manifelt^ fo that the feries may be continued^ with- 
out actually performing the whole operation. 



PROBLEM I. 



To reduce fraQional quantities into infinite feries* 



46 



INFINITE SERIES. 



RULE. 

Divide the numerator by the denominator, as in 
common divifion ; and the operation continued, as 
far as ihall be thought neceilary, will give the feiiet 

required. 

examples: 



ax 



I . Let _ be propofed to be thrown into an in* 



finite feries. 



** x^ jr* 



a a* a* 



^wr— ** 



*» 



a 



a 
x^ 

a 






lie. 



INFINITE SERIES. 



a^ 



z. Let .1 be propofed to be thrown in* 

to an infinite ieries. 



— 2ay— jr* 



— 2«r— 4Jif*- 



2Ar5 



3**+ — 



, , 6*' 3** 



3'+«- 


* a- 




4*' 


3** 
8** 


4A:' 


a 


"«» 


«» 




5**.. 


,4**. 



3. To throw—-, into an infinite fcries. 

^ ^ b hx hx^ hx^ , . . 



u* 



jL. To throw — -— into an infinite feries. 
x-fo 

c. To throw into an infinite feries. 

An/. I— *»+;r*^;r<*+;r»— tffr. 



48 INFINITE SERIES. 

. 6. To throw .^^ ]"^ into an in^nite ferles. 

PROBLEM ir. 

« 

To riduce a compound furd into an infinite /eries, 

RULE. 

Extract the root as in common arithmetic, and 
the operation, continued as far as fhall be thought 
neceiu^j will give the fcrics required. 

examples: 

1. Extraft the fquare root of ^+;p* in an infi- 
nite feries. 

*•* x^ x^ Ci^c' 

^ ^ 2« %a^ 1 6a* \z%a^ 

4^* 









x^ x» 






644« 



Anf, iJtjt^'yf^^c. 



INFINITE SERIES. ^f 

2. Throw Iq-^x^^ into an infinite feries. 

•^ 2 8 i6 128 

5, Throw^*— ^^ into an infinite fcrics. 

4. Throw I — x^Y into an infinite feries. 

P R O B t E M m. 

^(7 reduce a Binomial /urd into an infinite feries^ 
•r to fxtraSi any root of a binomicA. 

RULE. 

^ubfthute the particular letters of the binomial^ 
with their proper figtis," in the following general 
fbrm^ and it will give the root required ; obferviag 
that P is the firfl term^ Q^the fecond term divided 

by thefirft^ ^ the index of 'the power- or root; and 
n 

A, B, C, D, &c. the foregoing termi, with their 

iGgns. 

m 

pJp^~=P^ (A)+jAQJ:B)+2^BQ.(C) 4- 
2l±fcCL(b) +!!=^»DQ.(E) &c. 

examples: 

1. Tocxtraft the fquare root of r*— Af% in an 
infinite feries. 

F 
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—AT* , m I 



Hen?:::r*, 0==— r-, and -= — • 

I. 

rbtrefert r'-Ar'^^r+J-A X-^ — ^Bx 

r* 6 r* 8 r* 



2r» 



J^f//^ ijf rtftoring the 'values cf A,B, C,D, l^c. 
wue fiall have r*— jr^* =r -^^-.*— — — . 



{?r. z^/eries required* 
I28r' 



fl^ 



2. To cxtraft the cube root of ====;» in an in* 
finite ferles. 



rT 3 --J 



y^^/i expreffion, reduced, is * = « X «*+^ ; 

andtberefore?^a^,(i^~^ and—zz^^^^ 

a « 3 

^i&«fr^ «^ +;.=] "" * =tf r * — La X— >— i-B X 

3 a^ 6 



^* 9 a* 12 <»* ^V« S'V'tf^ 

, Kx^ j^ox^ , no*' .. I 1 

^gWa^ 8iV«^ 243V^' "" V« « 

' r — S — "r-r+ r ^• 

3«' 9tf5 8i«^ 243^^ 






.6 



-jTp)^ «3 34* 9il* 



jt — - ^c. as required. 
8i«« ^ 
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^' To find the value of , in an infinite feries; 

Anf. r— ^+i -fL.+ _- lie. 

r r r* 

4» To find the value of .., t in an infinite 

5. To find the value of -r -• ^ in an infinite feries». 

A /I* «^ «♦ 

6. To find the value of . . i in an infinite 

7. Find the value of a* — ;e*p, in an infinite ferics. 

8. To find the value of i— i|^ in an infinite feries. 



4 4.8 4.8. iz 4.8.12.16 
9. To findthe value of f!±fJ* in a feric«. 

a^ 2a* 2tf* 
JO. To find the value of -^ — ^ in a feries. 

a er a^ a} 

F 2. 



ARITHMETICAL PROPORTION. 

AritbmeticMl proportion is the relation which two 
quantities, of the fame kind^ bear to each other^ 
with refpeft to their difference. 
. Four quantities are faid to be in arithmetical pro- 
portion, when the difference between the fir^ and 
fecond is equal to the difference between the third 
and fourth. 

Thus^ 3, 7, 12, 16, and a, a-^-h, r> c-\-h, are 
arithmetically proportionaL 

Arithmetical progrejjion is when a {tno^ of quanti- 
ties cither increafe or decreafe by the fame common 
difference. 

I'hus^ 2, 4, 6, 8, 10, 12, &c. and ay a-{-h, a-^-il, 
a-h^h, a-^^h, a-^^h. Sec. are feries in arithmetical 
progrejjion t ivhr/e common differences are 2, and b» 

I'he mod ufeful part of arithmetical proportion if 
contained in the following theorems : 

I. \i four quantities be in arithmetical propor- 
fion, the fum of the two means will be equal to the 
fum of the two extremes. 

^husy if 2, 5, 7, 10, and a^ I, c, d, are in arith^ 
tnetical proportion , then ^11 2+lo:z:5-{-7, and 
a + dzzh'\-c, 

JI.. In any arithmetical feries, the laft term is 
equal to the firft, more the produdl of the common 
difference by the number of terms lefs one. 

Thus the 2cth term of 2, 4, 6, 8, lo, 12, &C. 

is =r2-f 20— 1 X2z:2+ i9X2:=:2-f38r:40, 

. And the nth 'term oja, a-\-x, a't-2x, a-\- 3 jr, a + 4**, 

Sec. is :=za-\-n — l Xxzza-}-fi — ix. 

III. The fum of any feries of quantities in arith^ 
metlcal progreffion, is equal to the Turn of the two 
extremes multiplied by half the number of terms. 

Thus the fum ^ I, 2, 3, 4, <;, 6, &C. continued to 

_i-f 20X20_2i X20 ^,^,^ 

the 20ih term, is — ■ — — — ~ 2 1 A 1 o ~ 

2 z 

20^210. 
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^^^^thifum of n terms of it, a+x, a+2x, a+ix, 
liZ* ^o a-i-mx, ts i=— I ! ^ZZ«+' 



mn 

2 



GEOMETRICAL PROPbRTION. 

Oeometrical proportion is that relation of two quan- 
tities, of the fame kind, which arifes from confidef- 
ing what part the one is of the other, or how often 
it IS contained in it. ■ 

la four proportional quantities, the firft and third 
are called the antect dents, and the fecond and fourth 
the conjtquents, 
' Ratio IS the quotient which arifes from dividing 
the antecedent by the confequent, or the confequent 
\f the antecedent, 

Fmr quantities are feud to he proportional, when the 
iirft is the fame part or multiple of the fecond, as 
the third is of the fourth. 

fhiu, 2, 8, 3, 12, and a, ar, h, hr, are geometric 
to! proportionals, 

Dire^ proportionis when the fame relation fubfifts ■- 
fetween the firft term and the fecond, as between 
the third and the fourth. 

^^«s^9 3> 6, 5, 10, and x, ax, y, ay, are in dire^ 
pT'^portion. 

Reciprocal, or in*verfe proportion, is when one 
Quantity increafes in the fame proportion that ano- 
ther dimiaifhes. 

Tbus-y 2, 6, 9> 3, and a, ar, br^ h, are in in'verfe 
proportion. 

Aferies of. quantities are faid to be in geometrical 
PT^greffion, when the firft has the fame ratio to the 
fecond, as the fecond to the third, and as the third 
td the fourth, &c» 

F3 
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7%us, 2» 4, 8y 16, 32, 64, &c. and aj ar, ar\ mt^, 
cr^, ar^, Wc. are f tries in geometrical progrej/jon. 

The molt neceffary part of geometrical proportion 
is contained in the following theorems. 

I. If four quantities be in geometrical proportion* 
the produ^ of the two means will be equal . to tkat 
of the two extremes. 

Thus, //* 2, 4, 6, 12, and a, ar, b, hr, he geom^^ 
trie ally proportional^ then 'will 2X12=1:4x6, aii^ 
axbmlxar. 

II. If four quantities be in geometrical proper' ^ 
tion, the re£langle of the means divided by eith^-- 
of the extremes will give the other extreme. 

Thus ^ if 3, 9, 5, 15, anix, ax,y, ay, are gemr^ 

trical proportionals^ then wilii, i^: 1 5 , and^^ ^ zix. 

3 ay 

III. The fum of any feries of quantities in geo*-— - 
metrLcal progreffion^ is found by multiplying th< 
lail term by the ratio, and dividmg the differences 
of thii produft and the iix^ term by the ratio \t&^ 
one. 

Thusy thefumofZy 4, 8, 16, 32,64, 128^256, 512, 

. C12X2 — 2 

is -J =1024—2=1022. 

2 — 1 

And the fum ofn terms of at ar, ar'^, ar^, ar^, i^cu 

to «r'--', is '"■''^'—' ., ^?l=f 

r— I r— 1 . 

IVv If four qfaantities, a, h, c, d, or 2, 6, ^, 15, 
arc proportional, then will any of the following 
forms of thofe quantities be alfo proportional. 

1. direS^ly a.hwcid ov 2ti6\\^-i^. 

2. in'ver/ely h\a\\d\C or 6: 2:: 15:^. 

3. aUernately a\c\\h\d or 2:5-f6;i5-. 

4. comfoundedly axa^bwcc-^-d or z\%\\j^\2q^ 
. 5. di^videdly a : b-^aV.c: d — c or 2 .-4:: 5 : 10. 

6. mixtly b-^-aib-^a/.d-i-c-.d-^c or S:^:i20Tio, 

7 . by multiplicaticn roriiriucid or 2 X 3 (6) : 6 X 3 

(i8)::5:is. 

, ■ • 
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/ 



8. hydMfion fL : A::r:4?<?r-l(i): — (3).U 



5 • iS- 



SIMPLE E CLU A T I O N S. 



An equation is, when two equal quantities, diiTe- 
ftntly exprcffed, are compared together, by means 
of the iign = placed between them. 

Thus 12— 5Z17 is an equatioiv expreffing tKe 
equality of the q,uan titles 12 — 5 and 7. 

AJimple equation is that which contains only one 
unknown quantity, without including its powej. 

Thus X — a-^-B-zic is afimple equation, containing 
only the unknown quantity x^ 

ReduSiicn of equations h the method of finding the 
value of the unknown quantity ; which is ihewn in 
•the following rules*. 

RULE I. 

Any quantity may be tranfpofed from one fide of 
the equation to the other, by changing its fign. 

7bus, i/ x + ^zzjt t^ennvill x::zy — 3=4. 
uf«^, //;c— 446=8, thennvillxzz%-\'/^^t:=z6. 
Aljo^ ifx — a-^-hiizc — d, thennxjillxzzc — d-\-a — h, 
Andy in like manner , if^x — 8zi:3;c-f:20, then imll 
4^ — 3;ifZZ20 + 8, or .vzz28. 

RULE n. 

•If the unknown term be multiplied by any quan- 
tity, it may be taken away by dividing, all the otkftr 
terms of the equation by it. 



y6 SIMPLE EQUATIONS.. 

Thus, ifaxzzah^a, then <wtll xzizS-^i. 
And^ //^ 2^+4=16, then 'will ;r+2z:8, andx: 
8—21=6. 

In like maimer, if ax + zhazz,^'^ , then will x^ik 

— , and xzulL^^zh. 
a a 



RULE m. 

If the unknown term be divided by any quantity;, 
it may be taken away by multiplying all die other 
terms of the equation by it. 

Thus, if — :=r5 + 3, fhen ijuill xz:zio+6zzi^. 



And, if — =ri+r — d, thennvill xzzah+ac — adJ 
a 

In like manner, if — 2— 64-4 > ^hen ^11 zx — 6 » 

3 

r:i&+ 12, ^7W2Jf=: 18 + 12463:36, or jf=:2-zri8. 

2.. 



R. U L E. IV. 

The unknown quantity in any equation may be 
made fxtt from furds, by tranfpofing the reft of the 
terms according to the rule, and then involving, 
each fide to fucb a power as is denoted by the index 
of the faid furd. 

Thus, if v^;f— 2Zi6, then <will ^xzzS + zzn^ 
and xiz8*zz64- 

And, if '^4;^+ 16=12, then lAjill ^^i6'zilJ^, 

1 28 
«»/4^=:i44— i6z=i28, or xzz zz^z* 

4 
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'jt like manner, if ^v'2Af-J-3-|-4— 8, then 'will 
2Jf+3i=8— 4=4, and 2;if + 3=4'iz64, i»nd 

=64—3=61, or X'=:~:=ilol. 

z 



RULE V. 

T{ that fide of the equation which contains the 
unknown quantity be a complete power, it may be 
reduced by extracting the root of the faid power 
from both fides of the equation. 

7"^«/, iy;tf*-f 6;if+9=25,/i'^/iav/7/*+3r: v^25=:5, 
^r *— 5— 3=2. 

-^f^i if 3**— 9=21 + 3/ then nvill 3;r*=:2l+3 

+9=33* andx^zzll.z=Lii, orxzz^yil. 

3 

Inlii^e manner, if IfL.'i'lozz.zo, then ivill 2x*+ 

3 
3or:6o, ««</ ;c*+ 15—30, cr «'*=30— 15 = 15, or 

*=:v^i5. 



RULE VI. 

Any analogy, or proportion, may be converted 
into an equation, by making the produdl of the two 
mean terms equal to that of the two extremes. 

Thus, if ^x: 16:: 5 : 10, then -will ^xXloiziSX^* 

J o^ _ 80 2 

and XOxzz,^o, or xzz — ==2 — . 

30 3 
2X xcx 
And, if : aWbxc, then ^will ZZah, 

^ I ' 

and zcxzu'Kah, or xzz. . 
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X 



In liki manner, i/iz^x : — 1:4 : i, then tvill 

2 

AX 12 

12— jr— -^=2jr, and zx-l^xzziz. or xzz — :=4» 
2 3 -^ 

RULE VIL 

If any atiantity be found on both fides of the- 
equation wtth the fame iign, it may be taken away 
from them both ; and if every term in an equation 
be mnltipiied or divided by the fame quantit}'^ it 
may be ftrack out of them all. 

T/fus, if ^-^azii+a^ then will ^xzzb, and 


And, if lax-^iahzilae, tbm nnftU 3«+5^ss8o 

and xzz ^ »* 
3 

In Hie manner, if 21— L=!2 L, then will 

^ ^.333 3 
2;if:=i6> and x'Zi%* 



MrSCELLANEOVS EXAMPLES. 

». Given 5;^— i5=i2;if+6 to find the value of ;c, 
Firft 5*'— 2;if=:6+i5 
f>f «r ^x-zi 

3 
2. Given 40— 6;f— 1 6 =120— 1 4;^ to find ;c.. 
i^//)^ 1431:— 6;ifi=i 20—40+ 16 
/i^^» ^xzzg6 

andy therefore Arz=-2_ ~ 1 2* 



-SIMPLE EQUATIONS. 59 
Let 5aje— 3^r:2^/^-f f be given, to find x, 

or 5fl— 2</X;rii:r+3^ 
and therefore xr- » 3 



5^z — zd 

^. Let 3Jf*— io;if=8jf+;r* be given to find x^ 
Firjty ^x — iozz8+Ar 
und then 3^:—- .vr=8+io 

therefore zx'=i\% J and x-zz — 9» 

5. Given (iax'^-^\zahx^-=iiax^ '\'Sax*' y to find *!. 
^Firfty dividing the uohole by 3<Mr*, n/je Jhall ha've 

2X^^hzZX'\-Z 

and then zx'-^x^^z-j'/^h 
•whence ;r=2+4i^. 

X X X 

'6. Let — ^ 1 *=: 10, be given to find x^ 

234 

p. - ZX 2X ^ 

F^rjty Af— L_-— 20 

and then ix-^2x+ zz6o 

, 4 

^ W 1 2X'— 8 jr+ o;if = 240 
therefore 10^=240 

and ;r=: Jd£-=:24. 
10 

y. Giv«iin3+iL=2a— lli2to find ;r. 
2^3 2 

2J^ 

Jif;^, *"*-3+ =40— Af— 19 

3 
and then ^x^-^g+zxzzizo-^^x — 57 

.«»^ therefore 3;ir+2A'+3Ar= 120— 57 + 9 
ibut is Zx'zzJZf or ;tzz—=9» 
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7 

8. Lety' — v+5=:7, be given to .find at* 
3 

Firft, ^^=7-5 = 2 
3 

"o*^ then — ;if— 2*z:4 



and 2XZZ12,, ^xzr_r:6. 



2/1* 



o. Let *•+ \/^*+'**= y * , » ^e given to£nd ;r- 

•F/>/, *'-v/'S^+£jf «* + **=2^* 

and then x^a^'\-x'^zzc^^x^ 
.t 

nvhence a^x^'\-2a^x*':=:a^, or la^x^-rza^ 

and CBn/equently x^^zz — -, and xzi^/ — ==ifl4/-L 

3«* 3«* 3 



EXAMPLES FOR PRA<:TICE. 

1. Given Ar+i8=:3Jf— 5 tofindjf, ^nf. x-=z ill » 
^. Given 3^ — a'{-b-=.cd to find j^. 

3. Given 6 — 2*+ 10=20+3* — 2 to find*. 

M. X~2. 



4. Given iax-\ — —i—bx-^a to 'find x. 

* Mr ^-'i" 



SIMPLE EQJLJATIONS. 6i 
e. Giveaf.4.—+~—/i to find jr. 



6. Given — -j- ^^JL— —. to find x, 

2 s ^ 2 

Anf, xzz — • 
7 

7. Given v/12-f Afzii + v'j^ tQ find x. 

Anf, xzz\* 

8. Given */a^+x^=,b^+x'^]l to find;c. 

Anj, xzz*/ ^ * 



2a^ 



9. Given ;r4-tf=:i/«*+;r-/^*+A^* to find x. 

An/, ;ir— — — «, 
4a 



PROBLEM I. 

« 
^0 exterminate tnvo uninotxm quantities, or to redtict 
the tiQoJtmple equations containing them to a Jingle one. 



RULE I. 

1. Obferve which of the unknown quantities -is 
the leaft involved, and find its value in each of the 
equations, by the methods already explained. 

2. Let the two values thus found be made equal 
to each other, and there will arife a new equation 
with only one unknown quantity in it« whofe value 
may be found as before. 

* G 
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BXAMPLES: 

I. Given | l''+Vf=^3 I ^o find x and y. 
From the Jirji equation x-=. ^ "^ ^^ 
and from the fecond x 



2 

I o -f 2_y 

5 



^ 5 

«r 115 — I5y=:20 + 4j, 

or I9j^=:i 15—20=195, 

19 ^ 

nvbinci xzz^IZILI^a 

2. Given |^+-^=||tofind;irand^. 

From the Jlrjt equation x'=.a-^yj 
and from the fecond x'=.h'\-yy 
Therefore a — -y — h +J » orZyzia — h, 

and confequentlyy — .^ 



«»</ xzza^-y^za' 



2 



. Cjivcn< -^ > 



to find jf and jr. 
3 

2y 
/r^w the fir ft equation x-zz 14 > 

and from the fecond Jr=:24— ~, 
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Therefore 14 — ^==24 — ^* 

3 2 

ana ^i^^ijz^jz — ~> 

(»r 84— 4^=144— 5yr; 
nvhence ^ ~ 1 44 — 84 zi 60, 

5 

«W ;rzri4 — — :z:i4 rro. 

3 3 

4. Given 4x'+^rz 34, and 4j' + ;czri6, to find x 
andjf. Anf. xzz.%, attJyzzi* 

5. Given f.Jil:::-Z-, and-^+-^=: , to 

5 4 20 4 5 120 

find ;r andjr. . ^ 1 , i 

jlnA xzz — a/ta jzz-^ • 

2 3 

6« Given x+jzzs, ind x^^y^zzd, to find *• andjr. 

^ ax "^ 2^ 



RULE n. 

1. Conftder which of the unknown quantities you 
would 'firft' exterminate, and let its value be found 
in that equation where it is the leaft involved. 

2. Subftitiite the value, thus found, for its equal 
in the other equation, and there will arife a new 
equation, with only one unknown quantity, whofc 
value may be found a^ before. 



G 2 
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EXAMPLES : 



1. Civcn I •^+2j^-»7 I to find x and y. 

Frcm the fir fi equation x-ziiy — 27, 
Jad this ' value fu hftituted for x in the jecond, gi*vts 
.17 — ^jX3— j=2, 
^r 51— 6;;~-7ZZ2, <?r 51— 7J'=:2; 
that Is 'pj=;^i'^2=:^^ ; 

whence j=:— ==7, and xznij — 2>'=X7 — 14:^2, 

2, Given p^-^^' 3 I to find ;r and y. 

From the fir ft equation x^z 1 3 — j, 
^</ />^/j o^^/tf^ being fuhftituted for x in tbi zd, 
gi'ves 13— J'—J'=:3, or 13—2^=3, 
/i&tf/ is 2JFZI13 — 33:10, 



10 



ory:=. — =5, tfWx=l3— ^=13— 5=8. 

3. given [lli^'y'y, } to find x and j-. 

Tbefirft analogy turned into an equation 

ay 
is hx'ziay^ or xzz -7-, 

Jnd this 'ualue of x fuhftituted in the zd, 

z 

h\ '-^ — ' - b' 



Ji...^ 



f 'V« ^ +/=', or ^r+y^=<. 



<b' 



or «v*+^y=f*S '^y=irf7r. 



<■*» 



and therefore y=-^-^^ 



, and xzz 



ca* 



«H^* 
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f. Given — +7j^=99, tf«^^+7;if=:5i, to find 
ndj. ' Anf. 5^=7 and yzzxA^^ 

J. Given — —12=:— + 8, andii^+— — 8= 
^ 4 S3- 

1- 27, to find jp and jr« Anf. jc=:6o antyzz^, 

4- 

6, Given «:^;:jr:ji', and x^-^y^zz.d, to find »: 



RULE in. 



Let the given equations be multiplied or divided 
^ fuch numbers or quantities as will make the 
rm which contains one of the unknown quantities' 
» be the fame in both equations ; and then by 
idlng or fttbtraf^ihg the equations^ according as is 
quired, there will arife a new equation with only 
i^Hinknown quantity, as before* 



f XAMP Lss; 



1. Given p^Jgr}^} t75nd*andj,. . 

Firjt, multiply the id equation iy S, 
.Mnd'WejSbailhai;e^x+6yzz^2, 
T ben i from this laft equation fuhtraS the firft ^ 
and it tviil give 6/— 5^1=42— 40, or yzizz, " 
and therefore xzz 1 4— zy =: 1 4—4;:: I o» 
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.-» 
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2. Given VT^^.f] tofindjrand^. 

La the I ft equation he multiplied fy z, and the zd 
^ , and lAfe Jhatl have \6x — 6y=:i8 

IOJIP4- 20=86 
and if the former ofthefe be fabtraSed from the lati 

H nuitl gi*ve 3ijpr:62^ ©rjrzr-— rr2, 

find confequently x:=:^ — =^, Ij thefirft equation^ 

S 5 

Another method. 

Multiply thefirft equntipn hy 5, and thefecond fy 
and *we Jhall have 25;^— 15^)^11:45 

NonVi let thefe tivo equations he added together^ 
and it *will give ^ixzz^'^y or xzz—^zl, 

and confequentlj jy zz- » hy the zd equation^ 

_i6— 6 10 .' 

or y:^ ■ zz— c:2 as before^ 

5 5 ^ 

MISCELLANEOUS EXAMPLES ; 

1. Given +8j>=:3i, and :i-i-2. + ioaf=:n 

3 4 

to End ;c and J'. A/tf xziig and yn 

a. Given :^+ 14=18, and -^^ 1- 16=1 

2 • ^ - 3 

tofindxandjr. Jnf xzz^ and y^. 
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3. Given — :Li:l+_i=8, and ^ — ^-y=zii, 

^o find X and jr. jfn/, x=:6 and y=.Z. 

4. Given Ar+i^z=f* and dx-^-ey^f, to find x 

Anf,x-=z ^ and y — -^ — -7.. 



PROBLEM n. 

Ttf extirminate three unknown quantities, or to re- 
duce the three Jimple equations, cofitaining them, to a 
Jingle one* 



RULE. 

1 . Let Xj y, and », be the three unknown quan- 
tities to be exterminated. 

2. Find the valne of x from each of the three 
given equations. 

3. Compare the firil value of x with the fecond, 
and an eauation will arife involving only jr and z. 

4. In like manner, compare the ia^L value of x 
with the third, and another equation will arife in- 
volving only y and a:. 

5. Find the values of jp and k from thefe two 
equations, according to the former rules, and x, y, 
and X will be exterminated as required. 

jyWt^ Any number of unknown quantities may 
be exterminated in nearly the fame manner^ but 
there are often much (horter methods for performing 
the operation, which will be beft learnt from 
practice. 
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EXAMPLBS: 



234 J 



to find x,y^ ajui »^ 



From the Jirji equation *'r=29— ^— «. 

From the fecond xz;62— 2^—32:. 

From the third ;rzr20— — ^ • 

3 2 
'when€e 29— jp-7-Kir62— z^ — 3X, 

tf?r// 29— J' — S!rz20 — -:!-» — , 

3 2 
^«/, /r<?» thejirft of tbefe equations y y^&z — 29— 2i# 

=:33 — 2«, 

and from the fecond y':r:2j — ?— , 

2 

therefore 33— 2«=:27— If?, ^r «=:I2> 

2 

andynSi — 29 — 2« =1:62— 29 — 24139^ 

an4 x-^LZ^-^y — « =129 — 12-^ 9=18. 



2. Given 



- + i+-=:62 
234 

* y ^ I 

-+7+"-=47 ^ tofind;r,jr, and «, 



1 r ;-^?=^7 
I -+^+^=38 



14 5 ^ 
* fhfti the grven Equations ^ cleared of fraBkm^ he^me 

. '20jr-f J £y + 1227=2820 
3oAf 4 24^ -t 20*=:4y6o 
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^hetit ifthefecond of thefe equations he fuhtraSIeJ 
from double the fir ft ^ and three times the third from f'V^ 
times the fecond, ^we fl>all ha've 

4Jf+ ^=156 
10^+^^=420 
And again ^ if the fecond of thefe be fuhtraSedfrom three 
times the fir ft y it 'will give 

\zx — iOAfZZ468 — 420, or X -z^-^zzz^ 

Therefore y=ls6'^j^x^6o, and z=l5^Ll^!lllIZ 

mzo. 

3. Given x+j+z:^^i, x+j^zzz2S» and ^— j^ 
-^xz=:g, to £nd x,j, and », 

Anf x'ZZ.zOi yzi^t and zzz^, 

4* Giyenx-^-yna, ;r-f k=:^9 andj-fx:=r> to find 
X, y, and «. 



X dx^ey-\-fx 
igx+fy+kz 



m 



5. Given < dx^ey^-fxzzn > to find X,y^ tnd «• 



A COLLECTION OF QUESTIONS 

PRODUCING SIMPLE EQUATIONS. 

I . To find two numbers, fnch that their fum fliall 
be 40^ and their difference 16. 

Let X denote the leaft of the muo numbers required^ 
then 'will x-\- 1 6 =1/0 the greater, 
and x-\'X'\-i6 =40 by the queftiofi, 
that is 2;ifzr40— 16=:24» 
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•r xzz^zz 1 2 zn haft number^ 

2 

and X'\- 16=12+ i6=28r: greater number reqmrt 

2. What number is that whofe \ part, exceeds 
\ part by 16 ? 

Let x:zi number required, 

then <wiU its \ part befL^ and its \ fart— ; 

3 4 

mnd therefore^ — —z=, 1 6 bj the queflioa, 
3 4 

that is ;ir— 5^=48, or 4A'— 3Jr=:i92 ; 

_ 4 

whence x=: 192 /i^ number required* 

3. Divide toool. between A, B, and C, fo t 
A ihallhaye72l. more than B» aad C looh m 
than A. 

Let x:iz B'sjbare oftheH*ven/um, 
then ^Jjill jr4 72= A* spare, 
andx-i- iiizuB^sJbare, 
Andthefum 0/ all their Jhares x+x+yz+x+iy 
^^ 3;c 4-244=1000 by the queftion, 
that is 3x=:iooo — 244=756, 

er *=Zi^=r252l.;= S*sfltare, . 



5 

iMf^ x4- 7 2 = 25 2 4- 7 2 =3 24I. rr^/^flrnf 

4ixr^ ;r4- 1 72=^5 2 4- 1 7 2:^:4241. ti C*j/&£ 

252!. 
324I. 
424I. 

loool. the proofs 

5. A prize of loool. is to be divided between t 
perfons, whofe ftiares therein are in the proper ti 
of 7 ta 9 : requiied'the fhare df each* 
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Let X zr Jtrft perfirC s fiare, 
then tAjill 1000 — xzzfecond per/on^ s Jh are ^ 
and X : 1 000 — x ! '. 7 : 9, ty the queftion^ 

that is Qx zr 1 000 — x X 7 =: 7000 — jx, 
or IDA" —7000, 

^whence ;e— L^-— —4371. los.— iftjbare, 
lO 

^^<a^looo— ;irz:iooo— 437I. 108.3=562!. los. zdjhare. 

^. The paving of a fquare at 2s. a yard, coft as 
Jf^uch as the inclofing it at 5s. a yard : required the 
fi'Cle of the fquare. 

Let xzzjide of the fquare fought ^ 
then ^zz yards ofinclofure, 
and jf*=i yards ofpa'vement ; 
nvhence 40; X 5 = zojf n price ofinciofng, 
and x'^Xz'=i2x'*'zz price ofpwving. 
But 2Jp*i=20Af by the quejiion, 
^^erefore x^zzl ox, and jf z: I o — length of the Jtde 
required* 

7. A labourer engaged to fcrve for 40 days upon 
^iefe conditions, that for every day he worked he 
ftiould receive 20 d. but for every day that he play- 
ed, or was abfent, he was to forfeit 8d. now at 
the end of the time he had to receive 1 1. 1 1 s. &d. 
the queftion is, to find how many days he worked^ 
and how many he was idle. 

Let X he the numher of days he ^worked, 
then ivill 40— jp he the numher of days he fwas idle^ 
alfo A'X20 — 20^" = fum earned y 

and 40 — X X 8 =: 3 20— 8;r := fum forfeited, 

'whence zox — 320— 8jr=i38o</. (izi/. 11/. 8^.) hy 
the quefion, that is lox — 320+8^:1=380 
or 28;rr:38o-f 32o=:700> 
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and x=:2-T-=25r: numhir of Jays be nvt 

<was idle* 

8. Out of a cafk of wine, which had leaked 
|» 21 gallons were drawn ; and then, being gai 
ic appeared tQ be half full : How much did it 1 

Let it hefupfofed to hafve held x gallons ^ 

Then it nuoidd have leaked — gallons, 

and con/equentfy there had ieen^ taken away z i 
gallons* 

X X 

But 2 1 H =: — hy the quejlion. 

That is 6%+xzz—, 

4r liS+ixzz^x 
hence 3jf-— 2jf:si26 
cr xzziztzz number of gallons required* 

9. What fradlion is that, to the numeral 
which if I be added, the value will be | ; 1 
I be added to the denominator, its value will I 



X 



Let thefraSlion he reprefented by — , 
Then will f±i ^1., 

jy 3 

And r= — J 

J'+i 4 

and A^'i^iy-^'i^ 
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henct 4^^— 3^— 3rr;r+ 1-^ 

that is X — 3 n l 

or ^—4, andy'=,ix^rl 
= 12+3=15 

& that JL'zzfraiiton required, 

10. A market-woman bought in a certain num- 
ber of eggSj at 2 a penny, ttd as many at three a 
penny, and fold them all out again at the rate of 
5 for 2 pence, and, by fo doing, loll 4d. what number 
of eggs had (he ? 

Let xzz number of eggs of each fort. 

Then wi7— = price ofthefirftfort^ 
2 

MM 

and — = price of the fecond fort, 
3 

- But' 5:2:12^ {^he whole number of eggs) : If ^ 

5 
fkre/ore ^ price of both forts, together, at fi^e for %d. 

And :.— -I -1_=4 iy the queJiion\ ' 

2 _ 3 s. . 

thatisx^'^±J±-%\ 

«r 3Af + 2;ir— -l-.=24 ; 

5 
«r I S^if + lOAT— 24^-= 1 20 
^^htnce xz= 1 20= number of eggs of each fort required. 

1 h If A can do a piece of work alone in t^n days, 
^^nd B in thirteen ; fet them both about it together, 
'^^ what time will it be finifhed \ 

H . 
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Let the Hmi fought bt iitnoted hy ur. 

Then lo days : i •workWxdn^sXm^ , 

. lo 

13 

hence -^"^-part done hy A in x day4\ 
10 

^md ^ — z^ part done fy B in x ditpu 
13 

Con/eauentfy iL4.iL— i • - • 

10 13 

flat is U^+x^l$, ori^X+ioxtzi^Cl 
10 

And therefore 23^=130, or ;rs:-J-=: j ^dciys^ tti 
time required* ^3 *3 

12. If one age&t A, aloae) caa- produce an effect 
€, in the time a, aiid another agent 6> alohe> iA 
the time ^ ; in what time will they both together 
produce the fame effed ? 

Let the time fought he denottd hy M. 
Then tt:e::x: • — = part of tie effe^ produced hy A^ 



und h:e\\x:ffL:r. paft of the effea produced by B^ 

b 

niohence — -|- -j- zz.ehy the q^ueftion ; 
ah 

\x'x ... 

a b 



ax 

T 

or hx'\'ax^d\ 



!thatijX+JS!l-di 
h 



md cofifequently iV— --1-=: tifne required* 
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qjtJESTIOKS rOH PRACTICE* 

1. What t«ro nambers krt thofe whofe difFerencr 
7, andrum33. Anf.i'^andzQ, 

2. To divid.e the namber 75 into two fuch parts, 
at three times the greater may exceed feven times 
e lefler by 1 5, Ak/. 54. and 2 1 . 

3. In a mixture of wine and cyder, \ of tne whole 
u 25 gallons was wine, and \ part tjunus, 5 gallons 
IS cyder : how many galloAs w^re there of each ? 

Avf, 85 9f*winey a/nd^^ of cyder t^ 

4. A bill of 120K was paid in guineas and moi<^ 
res, and the number of pieces of both forts that 
re ufed was jlift 100; how many were thereof 
Ji ? Anf. $0 of each, 
I, Two travellers fet out at the fame time from 
ndon and York, whofe diftance is r50 miles ^ 
e of them goes 8 miles a day, and the other 7 ; 
what time will they meet? . Atif, in 10 days^. 

5. At a certain eledion 375 perfons voted, and 
: candidate chofen had a majority of 91 ; how 
ny voted for each f 

Anf 233 for one 9 and 1 42 for the other • 
;• There is a fitfi whofe tail weighs plh* his 
id weighs much as his tail and half his body, 
i his body weiffhtf as much as his head and hit 
I; what is the ^ole weight of the liih ? 

Anf, jzf^^ 
\, What number is that from which if 5- be 
•trailed, 7 of the remainder will be 40. Anf, 65 •■ 
), A poft is I in the mud, \ in the water, and 
feet above the water -, what is its whole length ? 

Anf zj^feei^ 

H2. 
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2C. if three agents^ A, B^and C, can produce the 
effeas a, h^ Cy in the times e, /i g^ refpeftiTcIy : in 
what time woald they jointly proda ce tne eff eft df 

26. If A and B together can perform a piece of 
work in 8 days ; A and C together in 9 days ; and 
B and C in 10 days : How many days will it take 
each perfon to perform the fame. work alone? 

Anf. A i^days,B 1 1^1, andCtlL' 






QUADRATIC EQUATIONS. 



Afimfk quadratic eputtioH is that which involves 
the iquare of the unknown quantity only. 

An adfe^ed quadratic equationit that which in'vohes 
the fquare of the unknown quantity^ together witl^ 
the produd that arises from multiplying it by fome 
known quantity. 

nus ax^'zihf is afimple quadratic equation^ 
And ax^+^xzzc, is an adfeBed quadratic equation* 
The rule for a iimple quadratic equation has bee0 
given already. 

All adfe£led quadratic equations fall under the 
three following terms. 

1. x'*'+ax'=zh 

2. ;r* — axz=,h 

3. jf* — axzzL^^b. 

The rule for finding the value of x, in each of 
thefe eqtfations^ is as rollows : 
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J . R U L E.* 

1 . Tfanlpofe all the terms that involve the un- 
known quantity to one iide of the equation, and the 
known terms |o the other fide, and let them b^ 
ranged according io their dimensions. 

2. When the fquare of the unknown quantity has 
apy ^coefficient prefixed to it, let all the reft of the 
terms be divided by that co-efficient. 

3. Add the fquare of half the co-efHcient of the 
fecsnd term to both fides of the equation, and that 
fide which involves-the unknown quantity will then 
be a complete fquare. 

4. Extradl the fquare root from both fides of the 
equation, and the value of the unknown quantity 
will be determined, as required. 



* The (^uare root of any (jaantity may be either + or — > 
and therefore all quadratic equations admit of two folutions. 
Thus the fquare root of -^n* is +» or — n; for +iiX+« 
or — ax — « are each equ al to -t- aii. So, in the firft form, 

a a* ^ 

where x-t-«- is found z= ^^-f-*-- the. root may be either 
a 4 



fl» 



^ ^^^...^or — v:^-|— ▼, iince either of tbem being 
4 4 



a* 



multiplied by itfelf will produce v^^+— .. And this am- 

4 
biguity is exprefled by writi ng the un certain fign ± before 

t/ h i- i thus xzz ± V ^ +. — — — • 

4 4 * 
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NoUf I . The fquare root of one fide of the equa-^ 
tion is always equal to the onknown qnantityy with^ 
half the co-efficient of the fecond term fabjoinei 
to it. 

2. AH equations wherein there are two terms in- 
Yolvin^ the unknown quantity^ and the ind^of the 
one is jaft doubk that of the other,, are filved lib 
qnadraticsy by completing the Square.. 

n 

mt fumdrtaks^ ami the ^ahu. •/ iJm. tm hrnn vM fmmtif^ 
may hi ditirmimi mcurtU^ly» 



MtN 



In tbe firft fbrni^ where x=±V^4-— .-*-«. the Arft< 

4 » 

tatueof ir>viz.x=:4-%^^-fi — —- ^ *» always aflUnadTe; 
for fince JL. 4^^ is greater than —^ the greateft fqvare muft' 

necedarily have the greateft fiiuare root} V^+ 



4 » 
ynO, therefore, always be greater than ^.—> or its equalJL • 

md confeqaently 4- ^ ^ +-^^ — t^^lk always be afiirmatlve. 



The fecond value, viz. xz: — v' ^-f ^i-*.— — will always be 

4 2 
negative, becaufe it is compofed of two negative terms. There- 

a^ a 
fore when «* +^*— ^1 we fliall have *iz + \/ ^ + — — — 

. 4 a 



for the affirmative vahie f>f x, and xzz^^ */.t+ 
for the negative value of x. 4< 
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examples: 

1. Given ;t*+4-r=i40 to find x* 

Firjii ;ip*+4^+4::;i40+4=:i44, hy completing 
>e fquare ; 

then iv/;e*+4jf+4=:y'i44 hy ext railing the hot i 

or A- 4-2=129 
and therefore Jf=l2— irzio. 

2. Given ;c*— 6^+8=80, to find ;^. 
/*/iy?, ;»:*— 6;if=8o — 8 = 72 hy tranfpojition \ 

henx^ — 6jf+9zz72-f 9~8i by completing the fquare^ 
And X — 3 = \/8l=9 4;^ ex tracing the root \ 
Therefore ;r=:9+ 3 = 12. 



fl* tf 



In the fecond form^ where ;ifzzd: v'^+— +— ^^^^ 



rft value, viz. ;e:=4-v'^ +— + « always affirma- 

4 a 
ve, fince it is compofed of two a ffirmative terms. The 

cpnd value,, viz. x= — v^^H 1 will always be 

4 . » 

^gatlve 5 for fmce ^ + — is greater than — , the fquare root 

4 4 

r h •^— { 1/ h +— ) will be 'greater than \/— , or its 
4 V 4 ^ 4 

|iril 5 and confcqilently r- s/^+— + is always 

2 42 

negative quantity. Therefore when x^-^axzzb^ we (hall 

ive X zz + v^ A + — H foe the affirmative value of x, and 

■. ; 4^.-2 



^ 



— v^^-f 1 for the negative value of x* 

4 i 
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3. Given 2jf*+8;ir— 20=70, to find x. 

Firfti 2Af*+8jf=r70+ 20=90 hy tranfpojitm. 
Then jf*+4A'=45 iy di'uidinz hy 2, 
^«i/ jf*+4x'+4=49 fy computing the /quarts 
Whence jf -f 2 = v'49=r7 hy t^CtraQing the root. 
And ccn/equently *'=7— 2=5, 

4. Given 3**— 3Jf+ 6=51-, to find x. 
Here, *•* — jr-f 2=1} hy di<viding hy $» 

. jind x^ — Jf=:iJ — 2 fy tran/pofition ; 
Al/o Jif*— Jr+ J= I J— 2 + |=-j', hi completing thefqu. 
And X'^l:rzy^j\^i hy evolution ; 
• Therefore x=ii + izz^. 



^mm»m 



In the third form, where *— v^— — h 4 ^, both the 

4 2 

values of x wiU be pofitive, fuppofing J_ Is greater than h» 

4 

Forthcfirft value, viz. Jf=^-^/-^!^ * 4-— i« evidently 

4 a 

affirmative, being composed of two affirmative terms. The 

^% ff 

fecond value, viz. *— v'— — — ^4 is alfo affirmative; 

4 » 

forfince — is greater than — — ^, therefore ^/— or — 
4 4 4 » 

IS greater than ^/ b, and coni5ecuently — ^ ^ 4- — 

4 4 a 

will always be an affirmative quantity. There fore, when 

*» — iwc:::! — ^, we fliall have xzz 4- \^ *— — ^ +— *•*' 

4 i 

the affirmative value of x, and — ^— - — ^ +— for the 
negative value of x. * * 
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aireni— — — +aof=42|, to find jr. 

m HX 

»« **— — =1441 i^y dividing By\i 

^* — -•+f=?44j+ J^44| ^ completing the 



»^*-4=V'44^=:6|, 
here/ore xzz6\+\::ijk 

Jiven 4i**+^;r=:r, to find Jt,. 

*H ^x+-— T= 1 r h tompltHng the 

re; ^ 4^ « 4^ y r 6 

1 this third form^ if & be greater than JL, the folutioil 

4 
opofed queftion will be impoflible. For fince thcTquare 

luantity (w)iether that quantity be affirmative or nega-^ 

ilways affirmative^ the fquare root of a negative quails 

npoffible> and cannot be affigiieci. But if i be greater 

, then— — ^ is ^ negative quantity j and confequently 
_ 4 

-^ is impoihbk> or only imaginary^ when — is 

4 

1^5 and therefore m that cafe *z: J*— ± V'— — ^ is 

» 4 

lOffible (d* imaginary* 



8+ QUADRATIC EQUATIONS. 



jJna ;ir+.^-rr\/ 1 ?= V-^ — z — h e^olutiewa 

za a ^iT 4ii* 

^^ za 

7. Given ax^—^x +<•=</, to find x. 
Here, ax*" — hx-zzd'—c by tranfpefition, 

. And ;r*— — vTiz-^ h divfiion. 
a a 

Alfo ;r* x-\- — ;=z-^+— r h Completing tht 

fquarei « 4« ^ 4^ 

^W ^ =:± V — ^-1 •_ 4y tvolution ; 

There/ore xz=i — ± • f- -^. 

8. Given x^ + 2ax'^'=.hy to find ;p. 

Here, x^-j-Zax^-j-a^ zzB-^ a^ by ccmplcting the /quart t 
And **+ azz V7+7* /^jr evolution ; 
Whence x'^zzV b-^-a^a. 



>/>7</ ccn/equently xzz*/ : V^-j-^ — fl. 



w 



9. Given ax'^^bx^-^czz^^d, to find x. 

F/r/?, ax^'-^bx^—c^d by Iravfpojitiony 

A J b n c^^d J 

Ana x'^'-^ — Jf^zz— 7 — oy divijton, 

Af/o x^ Ari+ — -=:-ZL-|. — . hy ccmplefinz the 

jquare, ^ 4« ^ 4«* ^ / o 

And X' ^ -~ = V^ h — r 4; evclutifin ; 
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Iberejbre x*zz — dbV'^ -j » 

2a a 4^z^ 

z 



^//</ confequently x'Zi — d: v K 



za a /^. 



n 



EXAMPLES FOR PRACTICE. 

1. Given;c*— 8Af+io=n9 tofindA-. Anf.x'=L^ 

2. Given x*- — x — 40 iz 170 to find jr. AnJ. xzz 1 5 . 

3. Given 3**+2Jp—9=76 to find ;r. An/.xzz^* 

4. Given _ +7 _:=2o to find ;if. 

* 3 5 Anf, ;p=z^?5|.093, &ff. 

5. Given x^-\'X'=za to find jf. 



^/?/I jr=:\/«+-!-— — 



S, Given jf^+ajr— .^zzc to find x. 



a^ a 



An/, xzz^c^h-\ 

4* ^ 
^ Given x'^^axzz-^b to find at. 

^^ x-±vfL^b+JL. 

I. Given fl_Il+±=4.to^ndir. 

^ A.a'd^^ ah af^zai 
. Given 2Af+— at* +1043=600 to find x. 

Anf. ^r:4« 

o. Given 3;?*— a***— A.—J1 to finder. 

9 9 



A»f. *=^±y'!i£±l+JL 



I '7 • 3J 
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QJJ ESTIONS FROD U C I N G QJJ A D R A T I C 

£ <^U A T I O N S. 

1 . To find two numbers whofe difference is 8^ 
and product 240. 

Let x'zz/a the lea ft number^ 
then twill x+ 8 ~/o the greater, 

and ;if X Jf -f H =**+ 8jf =1 240 hy the queftten ; 
Whence ;if * + 8 jt -f 1 6 — 240 +16= 256 hy completing 
the fquare^ 

al/o ;c-j-4r:v'256=:i6 hy. e*volution ; 
Jtud tberefdft^ ;c=i6— 4=121= lejfer number, and 1 2 
-f 8 =: 20 zr greater, 

' 2. To divide the number 60 into two fuch parts 
that their prod u ft may be 864. 

Let x-iz. greater part, 
then iviil^^o — x-zz lejfer y 

and x'i< 60 — ;cz::6oj:— ;r*zz864 hy the queftion, 
that is x*- -^toxzz. — 864 ; 
JV4jence x^-^-dojir-fS)^^— — 8644-900=36 hy complete 
ing the Jquaiie ; 

Jlfo jf— T3o:z:\/36r:6 hy extraSing the root', 

and therefore jf:i:6-|-30rr36=: greater purt, 

and 60 — Ar:ir6© — 36=1:24:=: lejfer, 

3. Given the Aim of two numbers =10 (/T)i and 
tic fum of their fquares =58 (^); to find thofe 
numbers. 

Lei xri greater of the t^wo numbers, 
' then w^a — x-=.lejfer ; 

And x^ +a^x\ * r= 2*-* + a*— 2«^ zib hy the quefiion. 
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fir x^ + -f— — ^;c =: — hy divlfion^ 

2 2 

or x*" ax'^L — z: -^ hy franfpofition. 

2 2 2 

IFi6^r^;r*— «;r+f!==izf!+-==— £ hy complete 

4244 
/ATg- the fquatt. 

Alfo X z:: V ^^ hy extrdSitng the root ; 

* 1 _. 

jfnd therefore x'n ^^ — HI — -j iz. greaternumher, • 

^^______ 4 2 

. ■ r . 

A J ^ i \zh-^^ .zh — a* '<« , - 
^y A '±^y/ mriv^ 1 ti I9ffir.^ 

2 4 42 

Hence tbefe tivo theorem ^ hang put into numbers giffc^ 
7 and 3, y^r the numbers required, 

4. Said a piece of cloth fc^r 24I. and gained as 
much per cent, as tke cloth coft me ; wdhat was the 
price of the cloth ? 

Let ;ir"z: founds the cloth coji, 

^hen 24— xzz m) hole gain ^ 

But 100 : ;e:;A' : 24 — x by tht fusion. 

Or x^zzioo X 24— A- =2400— 1 COAT, 
Th:it is x'^'{-iqoxzz2\oo, 
Whence «* + 1 oojr + 2500 ~ 2400 + 2 500 =: 4900 hy 
completing the fquare. 

And ;ir + 5 o ~ V^490© =70 hy extraSlion of roots , 
Confequently x'^ijo—^iozzzojzz price of the cloth, 

5.. A perfon bought a number of oxen for 80 1, 
and if he had bought 4 more for the fame money, 
he would have paid 1 1. Icfs for each ; how many 
did he buy ? 

I ^2 . 
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^uppofe be bought x oxen, 
Tben — — price of each, 

X 

And j£.= price ofeucb r/x+J^baJ coft 8ol. 

But — IT ■ + 1 by the QUifiion, 
X x + \ 

^ « 8o;r , 
Or 80=-- — Vx^ 

*+4 

Or %ox+i20'=.%ox-\^x*'\'\x. 

That is x*+j\x:=:^209 
^i&^«f^;r*+4;r+4=320+4=3a4 bj completing tht 

Jquare, 

And ;ir + 2 = v' J24= 18^ e*volution, 
€on/equentfy ;ifz= 18— 2 = 16= number of oxen re^uirti* 

6. What two numbers are thofe, whofe fuffli 
prodiifty and difference of their fquares are all equal 
10 eacJi other ? 

Let x^=: greater number, 
Andyzz lejfer, 

^^en ^ '^'^y^^x^yx \ h ^^^ quefiion, 

X^ y* 

And I =: -L^zzx^yi or *'=)'+ 1 from the 2d. equa^ 

lion, x^ry 

Alfo y-\-\ +^=L>'+ 1 X^yfrom thefirft equation, 

Orzy-i-izry^-j-y, 

That is y'^-^y =: i , 
Whe/icey^-^y + iznil by completing the fquare, 

Alfo J— — zz^/v\ zzV— = — - by e'volutioh^ 

z 42 
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nfequently y':z.'''-^-\ ::: — i— , ««« ;ir=yp+l : 



2.2 2 



7. There are four numbers in arithmetical pro- 
effion, whereof the produft of the two extremes 
45, and that .of the means 77; what are th&. 
imbersi 

Let Jif =;: leffer extreme; 
andyzz common difference ^ 
hen X, x-\jjX-\' zy, ^4" 3^^ 'will be the four number f, ^ 
V xXx-{- 2yizx^ + 3xy =45, 7 by the 

"hence 2j^*=77---45=32, ««</ j;*z=l?=z.i6 by/ub-. 
tra&ion and divt/ion, 2 

Orj'=:v^i6rz4^ e'volution, 
here/ore x^ + 3xy=>x^+izx=z^^ by the 1/. equation, , 
^0 ;r*+l2jtf+36=:45 + 36=:8i ^^ completing the 
/quare, , 

^«^;ir+6:=:\/8irS9 by the extra^ion of roots, 
)nfequenth x'=.^ — 6=3, and the numbers are 3, 7, , 
II, and i^. 

8.^ To find three numbers in geometrical pro- 
eflion, whofe fum (hall be 14, and the fum of: 
eir fquares 84., 

Let x,y, and » be the numbers fought ^ 
Then ;cJ5:ly* by the nature of proportion, . 

Biit^x + « = 1 4-- J' by the id, equation^ , 

13 
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end ;ir*+2*'a+a*=:i96— 28)>4-^* hy fquarin^ W 

fides. 
Or ;if*+a5*+2>*=i96— 28y+j>* fy putting tfpr 

its equal 2xx, 

I'batis jf*+«* 4.^^*11:196— 28^ hj fiibtraSHon, 
or 196 — 28^m84 hy equality^ 

Hence yzi* ' — —4 ly tranfpofition anddivijion*- 
Again t xzz=:y*zzl6, or x— — &y the \ft equAtim 

And jf+j>+a:=: ^4+211=14 By tht 2d equation y 

z. 

Or i6-H4s: + «*r:i4«, cr%*— iok= — 16, 
Whence »* — 1 o« + 2 5^= 25 — 16=9 by completing the 
fquare, 

Andz'-^S-'^9^3> ^'•«=3 + S = 8, 
Confequently Af= 14«— v-^2:=:i4— 4— 8=2, ani. io) 
numbers are 2, 4, 8. 

9. The fum (i) and the prodoift (/) of any two 
numbers being given ; to find the fum of the fquares,, 
cubes, biquadrates, &c. of thoie numbers. 

Let the tiuo numbers be denoted "by x endy, . 

Then -will \ ~ a f h ^^^ quejiion^ 

But ;c-f^]*=^*+ 2jfy-|-yzzj* byjn^olutiom 

and x'*--\'2xy-\-y'^'-'2xy'=zs'^-^2p by fubtraaion, . 

that is x^-^-y '^zzs^ — zpzu/um oftlefquares. 

Again, x^-j-y* Kx - fj^rr j*--^ zpX s by multiplication^ 
or *' + JfyXA"+j'-fj'?i=J^-- 2j/, 
§r x^-^sp +^? 1= J-^ -^zsp^by fuhftituting sp f orbits equal . 

xyXx-^yi. 

uad therefore x'^'\-y^zzi^'^ypzz fum of the cubeu 
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In like manner^ x^ -f-j>' X x 4-j — ^^ — 3 J/ X J 6y multi^ 
plicatioHy 

or ;c;*+^xiMtr*+y=^— 3JV> 
or x^-i-frXs^ — 2;>4j>*zrj*— 3J*/ fy fuhftituting p)^ 

J* — zp for its equal xyy.x^ +j^* ; 
Jnd con/equentfy, x*+j?+=j*— 3J*/— /X/*^^^=rj* — 
4/*^ + 2^* z= /urn of the biquadrates^ or fourth ponjo- 
ers ; and fo on for any.pon»er 'whatever, 

1 o. The Aim {a) and the fum of the fquares {h) 
of four numbers 9 in geometrical progceflion^ being 
given; to find thofe numbers. 

Let X and y denote the tnuo means , 

then 'will ^^ and-L^ he the. tivo extremes ^ by the nature 

y^- ^ jf. . 

of proportion. 
AlfOi let the fum of the tmio means izs, and their pro^ 

due =/- 
And then fwill .the fum of the tnvo extremes z^a^^s hy 

the quefion, and their prodiUi iz/, by the nature of 

proportion.. 

Hence Yf^_p^-«.'^Z;;)»_2^ ? h '^^ lajf problem, 

^W;r*+j!+f!+-^=rj*+^ir7)*-.4/=z^ by thi 
y- ■»• 

queftion. 

x^ y* ' 
Again y — |- .-!-—«-.-/ by the quejlion^ 

y X 



s. 



or ;e*+j^'=:xxX/J— Jir/!.X« — . 
But x^-j-y^zizs^ -^yp by the laft pfoblem ;, 

and. therefore p Y,a — /z:/^ — yp by equality p 
OK pa^ps-i-^pszizpa+zpszzs^^ 
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or f =:—-—; 

Whence J*+fl^*— 4/=/*+7II})*-.jilL=:^, I3 
fuhjiitutionj 

or /*+ — JZi-JIL byreduaion. 
a 2 

j^</ szz.*/ -I by comp* the fquare^ And 

2 ^4^* za ^ ^3f ' 

extraSing the root* 

And from this 'value ofs, all the reft of the quoMtitU* 

p, X, andy may be readily determined. 

QJJ EST IONS FOR PRACTICE. 

1. What two numbers are thofe whofe Aim is 20, • 
and their ©rodudl 36 ? Jnf 2 and 18. 

2. To aivide the number 60 into two fuch parts, - 
that their produdl may be to the fum of their fquares 
in the ratio of 2 to 5. Jnf, 20 and 40. 

3. The difference of two numbers is 3, and th? 
difference of their cubes is 117: what are thofe 
numbers? Jnf z and ^^ 

4. A company at a tavern had 81. 15 s. to pay ibr 
their reckoning ; but, before the bill was fettled, 
two of them fneaked off, and then thofe who remain- 
ed had 10 s. a-piece more to pay than before : how 
many were there in company ? Anf, 7. 

6. A grazier bought as many fheep as coft him 
60 1, and, after refer ving 15 out of the number^ he 
fold the remainder for ^4!. and gained 2s. a-head 
by them; how majiy fheep did he buy? Anf, 75. 

7. There are two numbers whofe difference is 15, , 
and half their produdl is equal to the cube of the 
le^er number; what are thofe numbers ? 

Anf 3 and i^.'. 
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• ApeHbn bought cloth for 33 1. 15 s. which he 
a^n at 2 1. 8 s. per piece, and gained by the 
g^ain as much one piece cofl him ; required the 
iber of pieces ? Jm/. i^, 

. What number is thac> which ^hen divided 
the produ£l of its two digits > th3 quotient is 3 ; 
if 18 be added to it^ the digits will be inverted ? 

An/. 24. 

0. What two numbers are thofe, whofe fum 
Itiplied by the greater is equal to 7*7 ; and whofe 
srence multiplied by the leiFer is equal to 1 2 ? 

An/. 4 and 7. 

1. When will the hour, minute, and fecond 
ds of a clock be all together next after 1 2 o'clock ? 

Anf. Only at iz 0* clock* 

2. The fum of two numbers is 8, and the fum 
leir cubes is 152 ; what are the numbers? 

An/, 3 and 5, 
J. The fum of two numbers is 7, and the fum 
beir.4th powers is 641 ; what are the numbers ? 

An/ % and ^, 
(.. The fum of two numbers is 6, and the fum 
lieir 5th powers is iq^56; what are the num- 
? An/ 2 and 4. 

;. The fum of four numbers in arithmetical 
;reiI]on is 56^ and the fum of their fquares is 
; what are the numbers ? 

An/ 8, 12, 16, and 20. 
). To find four numbers in geometrical pro- 
Ion whofe fum is 15, and the fum of their 
res 85 ? An/ i, 2, 4, and 8. 



— — nI 



I 



^ Given x^ ^^1 +<i* ^r = — > to find 

/^alueofof. j^ 

An/ ;v=:f/?*+v'if!\ 

4 I 



[94 ] 

Of the NATURE and formation of 
EQUATIONS in general. 

All equations of fuperior orders are generated by 
the maltiplication of equations of inferior orders, 
involving the fame unknown quantity. 

Tho8> a quadratic equation is formed by the mol' 
tiplication of two iimple equations. 

A cubic equation is produced by the continued, 
multiplication of three dm pie equations ; or from 
one quadratic and one iimple equation. 

Aoiquadratic equaticn is generated by the conti- 
nued multiplication of four fimple equations, drof 
two quadratic equations ; or of one cubic and oae 
iimple equation, &c. 

For, fuppofe the unknown quantity to be x^ and 
it values in any fimple equation to be a, h, c, d^ &c. 

Then thpfe iimple equations, by bringing all 
the terms to one £de, will become x.-^azzo, x— ^ 
:=:«, jf— fzitf, x^dziLOi Sec 

And the produft of any two of thefe, as x^a 

Xx — hzzo, will give a quadratic equation, or one of 
two dimenfions. 

The produft of any three of them, as x — a xjp— ^ 

y.x — czzOf will give a cubic equation, or one of three 
dimenfions. 

The produdl of any four of them, as x — axx-^b 

Xx — cXx — d-=io, will give a biquadratic equation, 
or one of four dimenfions, &c. 

From hence it appears, that every equation has 
as many roots as it has fimple equations that pro- 
duce it, or as there are units in the highell dinien-. 
fion of thp unknown quantity. 
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For if any of the values of x {a, h, c, or d,) be 
ubltituted in the place of ;if in this biquadratic 

equation x-^aXx — bxx — cXx — d, then will all 
he terms of that equation vanilh, and the whole 
vill be found equal to nothing. But as there arc 
10 otlier quantities, befides theie four, that fubfti- 
:uted in the place of ;ir will made the produd vaniih ; 
therefore the equation cannot poflibly have more 
than four roots, or admit of more than faar folu- 
tlons. 

And after the fame manner it appears, that no 
equation can have more roots than it contains di- 
menfions of the unknown quantity. 

To make this ftill plainer, by an example in 
numbers ; fuppofe the equation to be refolved be 
**— io;if^-j-35;c* — 5o;e + 24zzo, and that you dif- 
cover that this equation is the fame with the ^o- 

duft of jf— I Xjp— 2 Xx — 3 Xa-— -4. 

Then you will certainly infer that the four values 
of AT are 1, 2, 3, and 4; for any of thefc numbers 
being put for x will make that produd, and confe- 
quently x^ — lox^ -\- i^x'^ — 5o;v-|-24, equal to no- 
thing, according to the propofed equation. 

And it is certain that there can be no other values 
of ;ir befides thefe four; fmce if any other number 
be fubftituted for x in thofe faftors; there will none 
of them vanifh, and therefore their product cannot 
be equal to nothing, according to the equation. 

The roots of equations are either pofiti^e or nega- 
tl've, according as the roots of the iimple equations 
from whence they are produced are pofitive or ne- 
gative. 

Thus, if you fuppofe x'=i — a, xizh, xz=. — r, and 
*=:^,then will;if+^izzo, x — bzzLOt x-^-czziOy and;if — d 

zzoy and the equation X'{-aXx^hXx-{-cXX'-'dzz9 
will have its roots — a^ -j-^, — r, +</. 
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TYitJigns, and co-efficients of equations willbebeft 
underftood by coniidering the following table; wheie 
the fimple equations x — a^ x — h^ &c. are maltiplied 
continuaHy together, and produce, focceffively, the 
higher equations. 



--bx^^ba \ -'' "" quadratic. 



Xx-^czizo 



rJ— tf 7 +ab 1 

x^+ac > X'-'obcmo, a cubic. 



=1f 



Xx—ii=o 



^abc 1 

. > x-^^ahcdzzo^ a biqua- 



—i I, +ac I - 



&c. 

From the infpe£lion of thefe equations It is plain, 
that tlie co-efficient of the firft term is unify. 

The co-efficient of the fecond term is thefum of 
all the roots {a, b, c, d,) ivitb contrary Jtgns, 

The CO- efficient of the third term is equal to tbe 
fnm of the retlangles of thofe roots, or of all the produSs 
that can pofjibly arife by combining them, t^wo and tivo. 

The co-efficient of the fourth term // equal to the 
fum of all the products that can fofphly arife by combin- 
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g them, thru anil three ; and fo on for any other 
>-efficient whatever. 

The laft term // aJways equal to the produB of all 
*€ roots nvith contrary J^gns ; and this reasoning will 
3ld, whether the roots be poiitive or negative. 

It likewiie appears, from mfpe^lion, that the figns 
* all the terms of any equation in the tahle are 
temately + and — . 

The firil term is always fome pure power of iX*, and 

pofitiye. 

The fecond term is fome power of *•, multiplied 
y the quantities — a, — h, — c, &c. and fmce thefe 
uantities are all negative, it follows that the term 
tfelf muft be negative alfb. 

The third term has the produd of any two of 
hcfe quantities (— «, — ^, — ^>) for its co-efficient, 
uid is therefore pofitive ; iince — x— , as well as 
+ X + , gives + 9 or an affirmative quantity. 
^ For the fame reafon, the next co-efficient, which 
b formed of the produds of any three of thefe nega- 
tive quantities, muft be negative ; and the next fol- 
lowing co-efficient, being made up of the produ6ls 
of any four of the faid negative qiiantities, muft be 
pofitive, and fo on. 

And from this reafoning it plainly appears that 
when all the roofs are pofitive ^ the figns are plus and 
tinus alternately* 

But if the roots are all ne g ative (Af=— «, *•=— ^, 

r=:— f, x^^d) t\itTix+aXx-\'hXx+cy.x-{-d-=:09 
irill exprefs the equation to be produced ; and all 
he terms will, plainly, be pofitive. 

So that, lohen all the roots of an equation are nega- 
ivit it i^ plain that there can Be no changes in the figns 
fthi terms of that equation. 

And, in general, there will be as many poiitive 
oots in any equation, as there are changes in the 



98 NATURE OF EQUATIONS. 

figns of the terins of that equation, from + to •-» 
or from ~ to + ; and all the reft of the roots will 
be negative. 

From this rule it fbUows that, in quadratic e^u* 
dons, the two roots may be either both poiitive, or. 
both negative, or one negative and one affirmative. 

Thus, in the equation, x^ • -^miszo, (x— «X 

;r— i) there are two changes of the £gns, and there- 
fore the roots are both pofitive. 

In the equation x*J^^+ aSzzd, {x+aXx+i) 

there is no change of the figns, and confequendj 
they are both negative. 

And, in this equation, **^z +ai^Z9, (x— ^X 

x+A) one of the roots will be affirmative and one 
negative ; for fince the firft term is positive and the 
lafl negative^ there can be but one change in the 
figns, whether the fecond term be + or — . 

In cubic equations, the roots may be all pofitive, 
or all negative ; or two of them may be negative and 
one pofitive, or one nega tive a n d two pofitive. 

Thus, in the equation *— ^X^f-^^X*"^— r=r«, the 
figns will be alternately + and — ; and, as the num- 
ber of changes is thre e, the r oots m uft be all pofitive. 

In the equation x-^aXx+Sxx+c:=.o, where 
there are no changes of the figns, the roots muft be 
all negative. 

In th e equ at ion jr ^ — ^— 6-\'CX^ +a6 —ir— 7f*+ 
ahczzo, {x—aXx—hXx-^'c) the number of changes 
will be two, and confequently two of the roots vwU 
be affirmative and one negative. 

For ifa+6 is greater than c, the fecond term ma& 
be negative, ^ts co-efficient being — «, — ^, j^t; 
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and if tf-f i is left than c, the third term m nft be 

ne|;ative^ its co-e$cient -{-ah^ac^hc {a^^-cXa+J) 
being in that cafe negative. 

In the equation *' +<i -I- b-^cx*' + ab-^^ac'^bcx'^ahc 
:r#^ there can be only one change of the figns^ and 
Aerefore one of the roots is pontive, and xkt other 
t9iO neeative. 

For if a-¥h is lefs than e then the fiscoad tsrm i« 
negative^ and the third mail be negative alio ; and 
if a-^-h is greater than c the fecond term will be 
pofitive^ and there can be bat one change in^the 
•cber two ferms, whatever may be their figns. 

Aad« in the fame manner, this reafoning may 
be extended to equations of higher dimenfions, and 
therefore the role will be found to be true im all 
kiads of equations whatever* 



PROBLEM I. 
SrS meriAfik «f dimitUjh tki roctt of 4m iquMtiaa fy 



R UL £• 

!• Take fome new letter, and connef^ it with the 
nv«a qoaatity by the £gns .— or +j» according as 
ft is required to be increafed or d'miniihed. 

^« SabUtute the powers of this quantity in the 
equation, inftead of the powers of the unknown 
letter, aiid there will arife a new equation, whofe 
roots will be augmented or dinainiihed as required. 

' • 
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BXAMPLBt: 

I. Let the quadratic e^uatioa ;r*— Sjr-f iS=^i 
be given ; it is required to incroaft itf roots by f* 

Bnpfofi x^y-^T ^ 
Thin **=y— 14;+49 
8^= + «jr-56 

15= +«5 

jf*— 6/+ 8=:0r: efualto the ifuathnrt'^ 

r 2 . Let ;r' — / jr* + ^at— rr=o, be the equation given ; 
it is required to diminifh the roots by the quantity #• 

Sufpo/e x::zy+e; 
- r = -r J 



3. Let x^+x^-^iox^-Szzo be given, and let its 
ropts be increafed by 4. 



• For in the former equation **+8«+i5=o, the roots 
are — 3 and — 5, and in the equation^* — By + ^'^h the 
roots are 2 and 4 j and therefore the di^erence is 7^ as re- 
quired. 

f The laft term of this transformed equation, is the fiuutt 
as the equation given, having « in the place of j. 
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Suppofi xziy-^\\ 

Then ;r'=y— I2jr*+4%f— 64 

--loy = — iq^+40 

+ « == +8 

equation nqiured I. 



PROBLEM IL 
7i /tf/fr awaj the ficond term from any equation* 

RULE. 

1. Divide the co-effidcnt of the fecond term by 
the index of the higheft power. of the anknown 
quantity. 

2. Annex the quotient^ with its fign changed^ to 
feme new letter^ and this being • fabftitu ted for its 
equal in the given equation^ will de^oy the iecond 
tenn^ as required. 



X In this example the given equation is reduced to a qua- 
dratiey and In the prefent caie^ as well as in all others .where 
xffae laft term vaniihesy the number aflumed (—4) is one of 
j|;he roots of the.propofed equatiop. 

'The affirmative roots of an equation are chan£;od into,n^fi- 
^ve ones of the fame value^ and the negative roots into amr- 
inative ones, by only changing the iigns of the terms altpr- 
pately, beginning with the fecond. 

K 3 . 
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examples: 

1. Let the quadratic equation x*«»8;r-(- 15=10 be 
given ; it is required to take away its (econd term. 

— 8* = — 8jr— 32 
+ 15 =: +15 

jr*— iir^r: efuation required** 

2. Let the equation «*— ^Jt^+i^x-— 34=0 be 
given; it is required to exterminate its (econd 
term. 

Then *' zzy^ + ftx * + *7> + ^7 
— 9Jf*= — gy*— 54;— 81 
-f 26.V r= +26^ + 78 

-34 = -34 

y^ — ^— 10 =;o:= equation required^ 



Thus the roots of the equation *4— x1— .i9jif»+49*— 30 
rrw, are +1, +2, -1-3, —5; but by changing only the 
feccnd and fourth terms, the equation becomes x44-x1 — 19X* 
— 49.r— 30~o, and the roots arc — 1, —a, — 3, 4-4* 

All the roots of an equation may alfo be made affirmatlte 
•r negative, by mcreafmg or dlminiihing each of them by (bme 
known quantity. 

* From this example It appears^ that any quadratic equa- 
tion may be rcfolved without completing the fquare, by only 
taking away the fccond term; for fince j?*r:i, or y^^i 
n: J , wc (hull have x — j? +4:^ i +4= 51 the root required. 
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3. Let **+8;r'— 5jf*+io;ir— 4=0 be given, to 
exterminate the fecond term. 

Then *♦=/*— 8^ + 24^*— 3 2jf+ r6 
+ Sat^zz ^.gy— 48^+96^—64 
— ^x^zz — iy*+20X — 20 

+ iar:= -ficyr— 20 

~ 4 = - 4 

jr*— 29)^* + 94y —92 =^ =: equation requirnl^ 

4. Let;r*— /jr^+^;r*— r;if+/=o be given, to ex-^ 
terminate the fecond term. 

S^uppo/ex—j+JLi 

Then ;^z=,4+^y +3^V /^+ /L 

8 16 256 

16 16 

2 ID 

— r;r =: ^ rj -^ ^ 



4 
+ / = + J 

"^ ^ 8 -^ ^ 16 
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PROBLEM m. 

Vofind njohither fonUs f M the rotU ofat^ i^ntA^ 
he rational \ and, if fit wiat they are. 



RULE.* 

1. Find all the divifors of the Ia$ term^ and fub- 
ftitute them one by one for the unknown quantity. 

2. Then, if the pofitive and negative terms de- 
Jbroy eacb other, the divifor, (6 fobSUtuted^ wiU be 
ene of the roots of the equation. 

3. But, if none of the divifors fucceed, the roots 
are, for the general part, either irrational or in- 
poffible. 

Note^ When the divifors of the laft term are too 
numerous, they may be diminifhed by changing 
the equation into another, whofe roots are aug- 
mented or decxeafed by an ui^t, or fome other Jgiowa 
quantity. 



examples: 

1. Let ;r'— •4;ip*-r7;r+io=:o be the equation .pro<- 
pofed. 

Then tie dia/ifirs tf (10) the laft term *will it 
+ 1, — 1* +2, —2, +5, — ^5, +10, — 10. 

■■■■ ■ ■ -■■■I ■ — — ^— I , I B , I 

* Since the' laft term, in any equatloji. Is always equal to 
a multiple of all the, roots in that equation, thofe roots muft^ 
therefore, necefTarily be found in the number of its divifors. 
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And theft being fubftituUd fuccejjively infttad of ^ 

wllgive 1— 4— 74-ioiz o 

—I— 4+ 7+10= 12 

8 — 16— 14+ ion— 12 

— 8 — 164.14+10= o 

125— 100— 35 4- 10= o 

Jiirifore 4-1*-^ ««' +5 ^''^ *^^ ff^^f^ f^^^' tf ^'^^ 
equation roquired* 

2. Let/*— 4jf'-^8jf +32=0, be the equation pro- 
pofed. 

I • Change if info anofher, fhe number of wbefe di" 
viforsJ^lTbelefsi 'thus: 
Suppofey'=zx'\'i ; 
Then jr*=:;if*4.4;t'4. 6**+ 4jr4.i 

—4;'= — 4Jc'— I2;r*— I2;r— 4 

— 8jrt= — 8^^— 8 

+32= +32 

. . ^ ^'T^x*^^i6x-\-2izzo::z ne*w. equation, 

2. The dimifors of the laft term {,zi) of this n9W 
equation are 

.!»— I, +3>— 3* +7» — 7» 4-21,-21. 
And if fbefe he fubftituted fucceffively inftead of x^ 
njDefljall hove 

I— 6^-16+21:= o 

I— 6 + 164-21=32 

81— -54 — ^48+21= o 

81— 54+4i8 + 2i =96 

tsff. fwhere none of the others fuceeed. 
So that I and 3 are the only rational roots, the other 
t«wo being impojjible. 

3. Let ;if'+3<Mp*.— 4<i*;i^*»i2«'=o, be the equa» 
tion propofed. 

Here the numeral di'vifors of the laft term^ (12^) are 
1* —I, +2, —2, +3, —3, +4, —4, +6^ — 6> + 

12, —12.. 
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And by fubftituting theft fucceffifvtty imjhad ef m^ nm 
fiall have 

1+ 3— 4— 12=:— la 

—1+ 3+ 4—12=:— 6 

84-12— 8—11=: o 

—84-12+ 8—12= o 

274-27 — 12—12=: 30 

—274-274-12—12= o 

Tkifi/ori tbi thru rtots ars zop •— M mud 3^ 



PROBLEM IV. 

« 

T9 di/covif the r$ett of iqnaihfu fy Sx& ISAAC 
NEWTON'* mettoJ of diwforu 

RULE. 

1. Inftead of the unknown quantity^ fabftitate 
fticceffively three, or more, terms of the arithmedcal' 
progreffion z, i« o« — 1> — 2. 

2. Colled all the terms of the eqqation into ooe 
foLmi and place them, together with their divifort, 
in a perpendicular line, right againft the eorre^KMid* 
ing terms of the progreffion 2, 1,0, — i, —2. 

3. Seek amongft the diviibrs for an arithmetical 
progreffion whofe terms correfpond with the order of 
the terms 2, 1,0, — i, —2, and whofe common 
difference is either an unit, or fome divifbr of th^ 
co-efficient of the higheft power of the unknown 
quantity in the given equation. 

4. Divide that term of the progreffion, thus found, 
which ftands againft the term o in the firft progref- 
fion by the ratio or common difference. 

5* To the quotient, lafb found, prefix the iign 4^ 
or — , according as the jprogreffion is increaiing or 
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tfecfOftfing, and this nmnber being fubftituted for 
the unknown quantity, will give one of the roots of 
the equation. 

SXA M r L 1 s: 



I. Let ;r*— **— lojp+6=:o, be the equation pro- 
pofed. 

neM, hj fuhfiituting /uccejp'velj the Urms of the 
frogrejion 2, 1, o, —I, infieai of x^ the work will 



Jland as follows : 

\ft prog. refuhs. 
2 — lo 

1 — 4' 

o 
—I 



ii'vifors. 

I . 2 . 5 . 10 

1.2.4 

1*2.3. ^ 

I w 2 .7 . 14 
And —3, the term ftanding againft 
ftitutedfor X, gi*ves -^ly — 9+3o+6=#j -und there-' 
fore —3 is a root of the equation* 



+ 6 
+ 14 



zd prog. 

5 

4 

3 

2 

being fu6» 



2. Let 2x'— 5*'*+4y— lO— o, he the equation 
propofed. 

Thent hy fuhfiituting fucceffivefy the terms of the 
frogrejjion 2, I, o, — i, —2, infteadofx, the work 
tvulfiand asfoito-ws : ' 



ifi prog. 

2 

I 

o 

—I 

_2 



refults. 
— 6 


dnuifors. 
I .2.3. 6 




zd. prog 
I 


— 9 
—10 


I-3-9 
1.2.5.10 




3 
S 


—21 

—54 


i.3*7«*i 
1.2.3. ^* 


9 


7 
9 



Hereof the term fianding againft o, heing divided hy 
2, 'the common difference, gives 2 1 5 and this heing 
fuhftituted for x, gives 3 1 J— 3 1 { 4* 1 o— i Odff ; and 
therefore 2^ is a root of the equation. ' 



io« RESOLUTION OF EQyATIONS. 

3. Let;if*+;r'— 29**— 9;r+i8o=o, be the equa- 
tion propofed. 

Then, hy fuhftituting as before , the nuork nuillftad 

asfoll(nvs : 

divi/ors, progrejponu 

1 .2.5 .7. 10.14 EsTr. 
1 . 2 . 3 • 4 . 6 . 8 ^c. 

1 .2.3.4. 5* ^ ^^- 

1 .2.4.5. ^'lo CsTf. 
1.2.3.5. 6 . 9 C^r. 

5^ />&«/ here are four progrejfftons, and the numbers 3, 
4^ _3, and — 5, being each fubftituted for x^ make 
the 'whole equation *vanijb, and are therefore the roets 
required. * 

PROBLEM V. 

7o find the roots of cubic equations, according to 
the method of Qayldkh. 



\ft pro. 


refults. 


2 


70 


I 


144 





180 


—I 


160 


—2 


90 1 



I 


2 


5 


7 


2 


3 


4 


6 


3 


4 


3 


5 


4 


5 


2 


4 


S 


6 


I 


3 



RULE.* 

I . Take away the fecond term of the equation, 
by problem 2d^ and it will be reduced to this form 
x^'^axzzi^b. 



* The rule, from whence this method is derived, is xzi 

'V'i^+>/i^*+47'«^ + ^\/i^— VJ^'»+V7«J, and the in- 
Teftigation of it is as follows : 

Let the equation, whofe root is required, be x^-^-ax^b, 

Put^ + ^rzx, and 3j'«zz — a. 

Then, by fuhftituting thefe values in the given equation, 
we fl iall h ave, y'^ 4- 'j^ ^tc -{- ^j^as^ 4- aH- ^ Xj> -f x, :zzyi •\-xl + 
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2. Subftitute the values of a and h^ with their 
proper figns, in the following expreiGon^ and it will 
give the root required. Thus : 

root required. 

IfiUj When a is negative, and ^^a^ is greater 
than \ h^i the equation, by this rule^ is generally 
impoffible. 



And if, from the /quare of this lad equation, there be taken 
4 times the cube of the equation ^Tizz. — \ay we fliall have 

But the fu m of this equation and jrJ+«J— ^, is ly^'nhAr 
^^-|-^Ui3 ; and their difference is 2«Jzi*— ^^i+^'^tf' } 

and therefore jfz:lV'4*+v'^JM-^V*'> and «= 

And from' hence it a ppears , thatj^'j^a;, or Its e qual jp, is n 

'v'iIwp^+^ + ^V^P^Wp^+^^, which is the 
theorem. 

Or, fince x is iz— -^ — , it will be j?+x~*rz 

•This method of folving cubic equations is ufualJy afcribed 
10 Cardan I but the invention is, undoubtedly, not hii.— ^ 
The authors of ir were Sdph Ferreus and Nlcboias Tarialea^ 
who difcoTcred it about the fame time, independently of each 
other, as is proved by M» dt Montucia d^s fon Hifioire dei 
Matb^mattjuis* -* 
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examples: 

t. Letj;3^;]^*-f 9jz=i3, be the equation propo- 
hd ; it is required to And the value of^. 

I. In order to deftrcy the /tcond term, lefjZZX'^^ i 

3/~ 4 3^»-6^+3 
9J = +9-^— 9 

^3^5^ —7 =13 
2. F^r ^//</ 6, and /or b 20, anJ <we Jhall bavi 



7« 



, = V|^+ v^i^»+,>'- ,^— -p— ^ = 



'-•10+ -/loo-l-S 



2 



3^/10+^/100+ 8 



^ -«3 



3^/10+ 10.3923 ="—^^20.3923^ 

VIO+I0.3923 

2 2 

-2.732— =2.732 — .732=2; /M 



^-^20.3923 2.732 

w ;v= 2, <7W con/equently yzzi zn rctf/ required. 

2. Given ^^ — 6^^=1—9, to find the value of jr. 

//?r^ «=■— 6, ^w^ 6=— 9 ; <jW therefore *we fid 

bave 

^a 



T7< 

— 2 



V-4i+V^oi-« a^Z^T^l^ 
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— 2 —2 

3 - 






— :;z — I — 2i=— 3; /i^tf / /j ;r zz — 3 n r(?(?/ required. 



EXAMPLES FOR PRACTICE. 

1. Given ;v' — &r*+iOAr— 8z:o, to find at. 

2. Given ;r' + 30^:11:117, to find AT. Anf. xzz-i^ 

3. Given j;^— 36;' =191, to findj?. Anf, jz=.-j. 

4. Given ;r' + 6;if=:30'v/3, to find x. 

An/, ;crr2\/3. 
c. Givenj?' + 24^^=250, to findj^. Att/. yzz^,o^. 
o« Given j>^— ^♦— 2^*— 8=0, to find j'. 

-^«/>r:2. 

P R O B L E M VI. 

To find the roots of biquadratic equations, according 

t§ the method ofDti Cartes. 

« 

RULE.* 

I . Take away the fecond term of the equation 
by problem z, and it will be reduced to the form 

H ill ■■^■ f I ■ ■■ ■ 1 m il i.i . . , ,1, 

I 

* Ittwfiigatiott of the rule* Let the ^iven equation x44-^«* 
Arrx-^izzo, be equal to th« produdl of the two quadratic 

equa tions x ^ +<x +/— ^, and jc* — « +|-z= • = *4 +/+|: — e^ 

Then, by equating the homologous terms, we fhall hava 
/+r— **=:f, tf^-^flfzir, and y^izij and therefore /nz 

L 2 
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• r. To find tbt 'ualue tf p, hj Cardan's rule fir 
€uhic equations. 




V288+-V/288I*— 32I 

V288+\/28«|*— 32I' 
S^r:/; and therefore y^.i6 9 ot'/jizj^^ fzz—j^^ 

o 228 

4. To find the roots of the two quadratic efuatieu 
x^-i-ex+fizOf and x^-^ex+^zzo. 



1. 2A4.'i«i»— B»=*, oraA-»-{tf»— ^=B*j 
a. tfA<^2BC zzcf oraA — e zzzBC i 

3. A*— C» =«/, orA»— «/ =C». 

Let now the firfl and lafl of thefe equations be multiplied 
tcgiethcr, and the produfb will, evide ntly, be equal to J of 
t he fqu are of the fecond j that is 2 A1 + Ja* — * x A* — 2^A* 

Whfen Ce, by denoting the given quantities \tc^^df and 

5-<"*+<'xi-tf» — ^ by k and /, refpedHvcly, there will arife thii 
cubic equation, A3— J^A^+M— >|/=:9; by means where- 
of, the value of A may be determined ; and therefore, from 
the preceding equations, both B and C will alfo be known, B 

L- aA — c 

being found from thenoe zz. v 2A4-J^*— ^, and C zi: • 

2B 

* Tlie feveral values of A, B, and C bein g thus found, that 

ff x.will alfo be readily obtained: for **+i^*+Al — 

Bjc+T)* being univerfally, in all circumAanc^ of «, eqosl 
■to x^-^ax^-^bx^-^-cx-^-dy it is evident, that, when the 
value of X is taken fuch that the latter of thefe expreflioos be- 
«aincs.fc|«ai to nothing, th e former muft lik ^ife i?e c%w^ to 

Fiothing 5 and confequentty «* + \«x -^M^ ~ Bji-f^l *^» J ^ 
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In the firft of thefe x-zz — 2 + V^— 3» or — 2— \/— >3, 
And in the fecond x'^.'^y and \^ 

Therefore 3, i, — 2+-v/— 3, <j»^— 2— \/— 3 ar$ 
the four roots of the equation **— 6;r*— 1 6jr + 2 1 '=.0, 

And if unity he added to each efthtm^ <we Jhall have 
4, 2, — l + v^ — 3, and '—i'^^/ '^ I for the roots of 
K* — 4^'— 8« + 32=:tf, the equation propofed\ the t^-^ 
laji of njjhich ar£ impoffihk* 

2. Given x++2;if'— 7**— 8;(f+ i2=ro, to find the 
rallies iyfx, Anf jrzri, 2, —3 <i»i/ — 2- 

3. Given «♦— 25;r*+6o;if— 36=10, to find the va-. 
lues of x. Anf, i, 2> 3 and —6. 

4. Given j>* — 8^' + i4a'*+4?'*"8=o* ^<> find the 
value of J'. 

^«/ J'=3 + VS> 3— V5» i + \^3* ««^i — V3. 



And therefore, by extrad^ing the fquare root of both fides 
of the equation^ we ihall have x*+^flx4-Ar:±B*±:C j. 

y*^4»qHtfB+jB*±C— >^P 5 which exhibits all the diflfer- 
ent roots of the given equation, according to the variation of 
the figns. . 

This method will be found to have many advantage* over 
that l^ven above. In the firft place, there is no neceffitybf 
being at the trouble of exterminating the fecond term of the 
equation, in order to prepare it for a folution : fecondly, the 
equation A3 — J^A*+J&A — J/z=o, here brought oMt, is of a 
more iimple form than that derived from the former method : 
and thirdly^ the v^lue of A In this equation, will always be 
^ommenjurate and rational 'y not only, when all the roots of the 
^ven equation are commenfutate, but alfo when they are irra" 
jional, and eveo hnpofftile, " 

Example. Let tbtre be gtvtn ;i(4-f Z2«— XJZZO, to JfniL 
the vahtes of n% 
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5 . G ivcn x^+ 1 2;if— 1 7 =0, to find the values of x. 

6. Given **— 6;r*— 58Ar*— i I4;r-^i i =0, to find 
the values of x, 

22 2 

7. Given x^ — 3** — 4^: — 3=ro, to find the values 



H^K^ by comparing this with the general equation x4-|- 
4Jt5+^.t4-^J>f+^=o» "we fliall have ii=:oy ^zz*, rzzia, 
and <^— — 17 J and therefore i( (rzi<»f— ^)=:i7, /(=zjr*+i 

Xjrf»— i)=:36, and Al — iM»+AA— i/~AJ.fI7A- 
J8z=9. - ■ 

And, from this equation, A will be found equal to i \ and 

therefore B (z=2A+itf»-.^lb= v^*, cf rz-^i^l ==1!^ 

\ iB ' %^% 

r:^3v'2, and *=:±|^2±i=P3v'2— iprzijv'zq: 

q:3^2-ih. 
Hence^ the four roots of the equation are- {s/2 4' 

-3-/3L-i|^, iv^2~-- -3v/2-^i|i-.j>/24-3^/^-ji:S 

and — 1^/2 — 3 v'2 — ^[^ J the firft and fecond of which 
are impoHible. 

In feme particular cafes of this rule^ the roots may be found 
by means of quadratics only. 

Several other methods of folving biquadratic equatTons have 
been invented by di^erent authors j but one of the moft. inge- 
nious is that given by M,EuIer, in page 664 of his £A'- 
mens /)' Algcbre, > 

Equations of five, or more dimenfions, may be reduced to 
thofe of an inferior degree j but the procefs will be exceeduigl^ 
tedious, as no general-rule can be given for refolying thenu 
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PROBLEM VII. 

To find the nots of tqnMions in generaly Bj tke mi* 
tbods of affroximation and converging feviesm 

RULE.* 

I. Find^ by trial, a n amber nearly equal to the 
root required. 

■ 2. Call the number, thus found, r, and let x 
be put equal to the diiference between r and the tru« 
root X. 

5. Inftead of jr, in the given equation, fnbftitute 
its equal rihx, and there will arife a new equatioD^ 
affected only with x and known quantitifs. 

4. Rejeft all thoie quantities m whidi there are 
t«'o or more dimenfions of x, and the Tahie of n 
will be ibund by means of a firaple eqindoB* 
. 5« Add the value of e, thus found, to Ae Tain* 
of r, and it will give the root required marfy* 

6. If this root is not fnfficiently near the truths 
-tepeat the operation, by fubftituting it inflead of •-, 
in the equation exhibiting the value of «, and it will 
give z/xond correSion for the root required. 

EXAUFLBS: 

I. Given x^— 5jir-»3i=o, to find the value of x 
by approximation. 



* The rules hitherto given, for finding the roots of equa- 
tions, are either very trocbldTome and laborious, or elfe con- 
fined to particular caies; .but this method, by conveigiji{ 
lenes, is oniTerfal, extending to all kinds cf equations what- 
ever ; and, though not accurately true, gires the valoe foagI;t 
to any afligned degree of ezadnefs. 

The method cf obtaining the roots of equations, byipproxi- 
mation, was crit made ufe of by y'teta. 
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The root y found hy trial, is nearly equal to 8; 
Let, therefore, 8=:r, and r+TiZZ^i then 
AT* =: r* + 2 ''« + «* 

r*+2r«— 5r — 52: — 3I^«; 

2r— 5 16—5 II 

8.6 nearly. 

And, again, if 8.6 ^^ fuhflituted in the plact of r 
in the lajf equation, nue Jhall ha've 

j^._ 3t4gr--r^ _ 3i4>43-73'96 -_'04 -.003a 

2r— 5 17.2—5 12.2 

aW jr =: 8 .6 + .003 2 = 8 . 603 2 »^tf i'/y . 

And, if this value be again fuhflituted for r, ii 
njoill ginte K':=:.cooooj-j%o%, and ;r=8. 603277808 ; 
andfo on to any degree ofexa^nefs required. 

2, Given .3r^+;i:*+;if =90, to find the value o£ x 
by approximation. 

7'he root, found hy trial, is nearly equal /« 4; 
Let, therefore, \'izr^ and r'\-z:zzx, then, 
Af ^ rrr' -f 3 r*x -f 3 r%* + »' 

X -zzr -f « 



H-f 3r*«-f r*-f 2r«-f r+Rzrpo ; 
00 — r' — r* — r OO — 64 — 16—4. 6 

* ir^+tr-l-i 48 + 8 + 1 S*?" * 

etnd xzz^.i tr early • 

And again, if 4. 1 he fuhflituted in the place of t 
49 the lafl equation, ive fl?all ha've 
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3r* + 2r-fl 50.43 + 8.2+1 

tf»</;ir=:4. 1 + .00283=4.10283 nearly; and fo on /# 
any degree .of. exa&nefs required* 

3. Given Af*+2o;i:zri 00, to find the value of ;r 
by approximation. An/, xzz;4. 142 1356236. 

4. Given ;e?+iOAf*+5;ip=26oo, to find the value 
of ;r by approximation. * ^^.10.17946^3. 

5. Given ;if' + 2;c* — 23;^— 702:0, to find tne value 
ofjf. ^;>5/*. ^1=5.1349, 

6. Given x^-^i^x^+SiX'^^OTr.Oy to find the 
value of X, An/, *i= 1,02803923 127. 

7. Given;r*—3Af*— 75^:3:10000, to find the value 
of;r. uj/iff/I ;i:=:9. 8860027. 

8. Given *' + 2;r*+3Ar^+4;v*+5;ip=:5432i, to 
find tlie value of at. An/ xzz.i.ij^i^^^^ 

RULE II. 

1. Aflame the general equation i7z+i«^+n(3+ 
ife*, &c. z^p ; where a; is the converging quantity, 
and K, ^, r, id^, &c. co-ejSiciefits^ whofe values are 
known. 

2. Then will r-^— be an appnmmation of the 
firft degree. 

3. And^ if s be put zr — — *7» we fhall have 
ah 

ii.y , . -^ for an approximation of the fecond 

degree. 
4« And^ in like manner, if «i be put =_. ^ 
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-' thcnwiU ^•/X«+«^ be 



/ * ^^ » M*VM IT*** I 

an approxijnatioii of tlie third degree^ Sec* 



examples: 



I. Given x*+ 20x=:ioo, to find the value of jt. 
"TSf r§ot, fwnd ff trial ^ is nearly equal to 4; 
Lit therefore 4+«=^. ^^» h Mjiitution^ thi 
efuatiM will become 28«+«*r:4. 

WbiMCiffrom the rule, az=,2%, 4=i, cziOy t3c, mi 

•^ tf*+^/ 788 197 

frft approximation* 

Andy Jtnce szz ^=-i-> nve JhaU havs 

'' a i 28 

"'«*+^ + «/X/'~28X28+i + iX4"'28X7 + 2 

^97 -. 



1386 



.142135 i^for tbe/econd approximation. 



Andy in like manner y Jinck^zz. — |. ■ , •=: ^ it 

a r^^ac 14 

.772 _ rt/X<i-f*w^ 



^X^^+^+fi^XZ+w— /X/' 



28x4X284-7 _ 28x28-ff _ 28x198 
28x784+i2-f4"~7X796 + t'"49X796+i - 

iiHrr. 1 42 1356236; orxzzj^.i^2fu62^6fortii 
39005 

rco/ required, extremely near* 
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2. Given jif*+4jr*- 10=160, to fihd the value 
of Jt. A^f, 10.6^078* 

3. Given ;if'— i7;r*+5-fvzz350, to find the value 
cfjT. ;/i/i!r/I 14.95407W 

4* Given 4r^<^2Ar-r-5=:0« to find the value of x^ 

Art/, 2,09455 147. 

c. Given 2j*— i^'+4q;f*— 30^= — i, to find the 

value of jf. Anf, 3^=: i.2847C4. 



PROBLEM Vm. 

To extras the root of any fure po^wir in nufkheri* 

RULE. 

1. Let mzz the number whofe root is required; 
rtn ncarefl root which caft be found by trial ; and 
«r: to the index. 

itr^ 

2. Then, by putting vzz , we (hall ha\l5 

fn^'^r^ 



*3:rH ====: root, nearly; or;e=:r+ 

*i;X6'i; + 4«^2 

rX2i; + /f , 

extremely near. 



^X2«I^ + 2ff^I + JX«-^l X2«*-I 



EXAMPLBS: 



I. Given :v*— 2, or, which is the fame thing, 
let the fquare root of 2 be found. 

M 
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Suppofe the root, found hy trials to be 1 .4 ; then iir " 

(hall*ba've iw=2, rm.4, nzz^z^ and vzr ^, 

=98. ^-^ 96 

And^ therefcriy xzzr+ - — s =1,4 + 

i4ill9i=:,.4+_i£Z:^=:,.4+J97 =,.4,4:1 
98X594 ^70x198 ^13860 
356= root required nearly, 

And, if the fecond approximation he u/ed, the rert 
nvi/I hefcund = 1 .4 1 42 1 356236, nvbich is true to tht 
laft place of decimals, 

2. Given at' =5 00 ; or let it be required to cx- 
traft the cube root of 500. 

Suppofe the root, found hy trial, to he S ; then f«t 

Jhall ha*ve mzz^oOy r=:8, n'rz'^, and 'vzz 

-128; —^^ 

And, therefore ;rr:r-| =• — o— .003— 

i;X6i;+4«— 2 

7.93 for the \Jl apprcximation. 

Or xzzr-^ ^ = =8- 

2T;-f 2»— I X'V-f-eXw— I X2i»— I 

^— :Z — =r 7. 93 7005 259936 /^r the zd approxJmaticn, 

96389 

iQvh:ch is true to th£ laft place of decimals, 

J. Let it be required to iind the cube root of 2. 

Anf, 1.259921049894' 

4. Wbat is the cube root of 1 1 7 } Axf^.Sgog'J' 

5. What is the furfolid, or 5 th root, of 125000? 

Anf. 10.456389. 
/6. It is required to find the 7th root of 1 00000. 

Anf 5.179474679^- 
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PROBLEM IX. 

To Jind the root of an exponential equation, 

RULE,* * 

1. Find, by trial, two numbers, as near the true 
j-oot as poffible, atrd fubftitute them in the given 
eq nation inftead of the anknowrn quantity, marking 
the errors which arifc from each of them. 

2. Multiply the difference of the two numbers, 
found by trial, by the leall error, and divide the 
prodti£l by the difference of the errors, when they 
are alike, and by their fum when they are unlike. 

3. Add the quotient, lafl found, to the number 
belonging to the leaft error, when that naiaber is 
too little, and fubtrad it when too greats and the 
refult will give the true root nearly. . 

4. Tak^ this root and the nearefl of the former, 
and, by proceeding in like manner, . a root will be 
had ilifl nearer than before ; and fo on to a^y degree 
of exa^nefs required • 

BX-AMFLESr 

I. Given **z:ioo, to find the value of ;if by ap- 
proximation. 
Bj the nature of logarithms xY^hg, xzzlog, loo=2. 

^nd, finct'X is found, hy trials to be greater than 3 
mnd lefs than 4 ; 

het^ therefore J 3.5 and 3.6 be the t-wo fufpofed 
values of X. 

* The rule for folving exponential equations was invented 
bj M. Jean SemouJ/i, and published In the J,eij>fic A€t^, i697« 

M 2 
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TIf€/f the log, x'=ilog, 3.5=.544o68o; and xX 
Ug, jczz 1 .9042.380 



-^.0957620= iji errorf too little. 
Jndtheh^x'Tzlog, 3.6=. 5563025 ; and 
xX>log, *':z:2. 0026890 

2 



.00268 90= 2</«rf'0r^ fMgreat» 
\fi numbiv 3 . J •/? error ^^ .095 762 

id number 3.6 i/rrrw+ .002689 

o. I zzidiff: -opHs 1 ^M' 

£d£:£2i^=:.oo273=«fr^/V», 

Zd number 3.6000O 
corre^ion —.00273 

3.59727r:*=r»#/ nearly. 

^ain, fuppo/e x'Z:i»^gj ; then VQtJhall banm 
log, xzz .5559404, and 
X Xlog, xzz 1 .9997 1 j6, 'whicb fubtraSed from 2 
gi'ves ,0002824 the "i^d error ^ too little* 
td number 3.600 2d error -i- .ooiSSgo 

^d number 3.597 3^ frr^r-.-. 0002 8 24 

.003 ^zdijf. .00297 1 4=r/»». 

.003 X. 0002824,^^^^ ^^ ^^^^^.^^ 
.0029714 
34/ number 3.597000 
forreStion + o . 000 285 

3 . 597 285 'zzxzz, mot required nearly. 
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Of indbtsrmin atb> or unlimited 

problems. 

A problem is faid^ ta be indeternunate or unlimited ^ 
wlien the equations,, expreffing the conditions of a 
queilion, are lefs in number than the unknown 
quantities to be determined. And though-fuch kind 
of problems are capable of innuinerable aniwers, 
yet the refults, in whole numbers, are generally 
limited to fome determinate number,, and may be^ 
obtained as follows^ 

PR OB L E M- L 

T:9 find tht 'values of ¥ and y, in the equation axz:z: 
fy-i-c ; nxjhere «, i, and c, are gi*ven numbers^ lul^cb ' 
admit of no common di'vi/or* 

RULE. 

1. Ij^t *wh', ftand for a 'whole number, and reduce : 

the- equation to x'.=:2l2l£=ia(;i&. 

a 

2. Make 2.Zlzzto .^JUL, by throwing all whole- 

a a 

numbers out of it, till d andy be each lefs than a. 

3. Subtradl 2LIZ, or fome multiple of it, from 

a 

2, £2, 13?!, or any other multiple of jf, tbatcomcs^ 
a. a a 

Ms 
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near the former, and the remainder will be a whole 
number. 

4^ Take this remainder, or any multiple of it, 
from ibme of the fbregmng fraSdons, or from aaf 
whole number, which is nearly equal to it, and 
the remainder, in this cafe, will alio be a whole 
number. 

5. Proceed in the fame nuuHier with this laft re- 
mainder ; and fo on till the c«-efficient ofj becomes 

fqual to I i otJLZLL.zz'wh.zzf. 

a 

6. Then will yzz.af-^g^y where / may fee any 
whole number whatever ; and y being known, x may 
tie found from, the given eqnation^ 



KX AMP LES : 

1 . G i ven \^:izz 1 4;^ — 1 1 , to find x ami y in wBole 
numbers. 

Firfty xzz ^ — ZZTW&. ; and\^ -zi^wh^ 
19 19 

Then, byfuhtraahn, ]^^l^L=U^'tl±}l^n,h. 

19 12 19 

J^ain. 2±Lix4==22^1±±t=:iSLLS2= ^ 
19 ^ 19 19 

Therefore ^-:i 2d— •£-!— .— oy/J. — *. 

19 19 19 

^A?^ _y n 1 9/ — 6 ; ijuhere, if p Be taken rz i , for the 
leaft affirmati/ve <value of y, *we Jhall Jbofue y^l^, 
a?ui x:^g, the anft^er. 
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2. Given ^xzz2y^i6t to find the valaes of x 
andji in whole numbers. 

Here, .=k=li=zy-s + "-^^=-^-oriJi=^ 
zi *wJ!^. ^ 3 3 

li 3. 3 

3 3 3 

Whem-i y:=z^f'^2'j and^ hy taking p::;zo^ 'un fialt 
have yznz and x'zzo, the anfnxjer. 

. 3 . G i ven. 9* + 1 y = 2000 ; to find all the poffiUe 
Talues of a: and jr in whole numbers. 

J' a __2000 — i^y , 2 — 4.y » 

9 9. 

9 

-i*»^, iZZd^ X 2= !^^ ^ zz wL But, ^is al/o j;s w^, 
9 9 9 --rf 

9 9 9 

t^hencey^-gp — 4; ««</, bj taking^ pzzi^ 'wefialiba've.' 
yzn^ and xzzT^l^, 
Andy by adding 9, continually, to the laji value rf 
y, and fubtradling 1 3 from that of x, alLthe poffible- 
unf'wers imll fiand as jToIloivs :. 
^_I 215.. 189. 163. 137. III. 85.59. 33 
\ 202. 176. .150. 124. 98. 72 .46.20* ' 

-.-.I 5 -23 -4^1 •59-77 -95.- 1 13 131 ,,<. 
•^"" 1 14.32.50.68.86.104. 121, 140' ^^ * 
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4. Given 2^:r:i.%y+i6, to find x and j in 
whole numbers. jin/. x=z^, andyzi%*' 

5. Given 14*^14^+7, to find x'.and y in whole 
numbers. Anf, ibe fuefiion is impojjihh* 

6. Given 27x=i6oo — i6jr, to find x and j in 
whole numbers. Anf. y-ZLK)^ und x-ziA^, 

'T, Given 87x+256)r=: 15410, to find the leaft. 
value of X, ami the greateft of jr, in whole pofitive 
nambers. Ahf* x'zz^o, and yzzi\z%oo*' 

8. Given 5^^ +7J'+ 1 i«=i224, to find all the pof- 
fibte values of ;r, jr, and x, in whole numbers. 

An/, T'be number ofaMpwers is 60.. 

9. How many diiferent ways is it poflible to pay 
lOQ.]. in.gjuineas and piftoles only; a guinea bemg. 
equal to 21s. and a piftole to i7jS« 

An/, 6 different nuays* 
LO. To determine whether it be poltible to pay 
I.00I. in guineas and moidores only. 

An/, The queftion is impoj/ihiei. 

11. A perfon bought 20 birds, of three different 
forts, for IS. 8d. the firft fort at 4d. the fecond at 
I d. and the third at \ a-piece : how many had Im 
of each ? 

An/ 3 o/ihe \ft /ort^ v^ o/the zd, and 2 oftheyl. 

12. I owe my friend a fhilling, and have nothing 
about me but guineas,, and he has nothing but 
louis d'ors ; the queftion is, how muft I acquit 
myfelf of the debt ? the louis d'ors being valued at 
17 s. An/ I mufi pay him \ 7^ guineas y and he muft 

gi'-ue tne 16 louis d^ or s, 

13. To find in what year of Chrift the cycle of 
the fun was 8', the cycle of the moon 10, and the 
cycle of indiftion 10. An/ In the year 1567. 

14. Twenty perfon s, con lifting of men, women, 
and children, fpend altogether 20 s.. the men fpend 
4s. a-piece; the women 6d. and the children 3d.. 
how many were there of each fort ? 

A^/ 3 men^ 15 'women ^ and z children^. 
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15. A vintner has wine at 2s. is. lod. and 
IS. 6d. per gallon : how much of each fort muft he 
t-ake^ fo as to make a mixture of 30 gallons, to be 
ibid at IS. 8 d. per gallon ? 

Jn/. 16, 2«12; 17*4^9; 18,6,6; flrip, 8, 3 

of each /.rt» 

16. To determine how many ways it is poriible 
to pay loool. in crowns, guineas, and moidores, 
•nly. Jtif, 70734 different n^a^s. 



P R O B L E M 11. 

^ojind fuch a luhole number x, as Being divided fy 
the gi'ven numbers a, b, c, He, Jball leave tie given 
remaindirsf, ^ h, He* 



RULE. 

1. SnbtraA each of the rematnden from x, and' 
divide the difference by a, and there will refult 

iZjL^ ZHS^ .f "^. , &c. r= whole Bombers^ 
a a a 

2. Call the vsdtte of x, in the firil fradion, f, 
and fablUtute this quantity in the place of x* ia the 
fecond fradlion. 

3. Find the leaft value of p, in the fecond frac* 
tion, by the lafl problem, and call it r. 

4. Let the value of x be found in terms of r, 
and fubftitute this quantity in the place of ;r in the 
third fraction. 

5. Find the leaH value of r in the third fraction, 
and call it s ; and the value of x in terms of s, 
h^jng fubftituted forx- in the fourth. ihbftioil^ and 
fo on, will give the whole number required. 
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examples: 

1. To find the Icaft whole number, which, by 
being divided by 17, ihall leave a remainder of 7 ; 
bat being divided by 26, the remainder iliall 
be 13. 

Let xzn number required, 

nen , and r — := 'wbole numbers. 

17 26 

A"— 7 
And, By putting -izpyiAje Jhall ha've x'=Li']p-\'1 \ 

Which 'value of x, being fubftitued in the idfraSm^ 

17*— .6 zdp 

gi*ves ■ J — nw^. But '~~ is ed/o zi:*wh^ 

26 ^ 26 ^26 26 

Hence pzziSr'^l^, and, by taking rzz.1, lue Jhalt 
ha've /~8. 

And, f^»/ff«^«^^ ;e= 17X8 + 7 = 143, the number 
required, 

2. To find a number which being divided hy \i^ 
19, and 29, the remaiders fhall be 3, 5, and 10.. 

£f/ X1Z number required, 
Then i=i, fZli^W 1:112= ^W.»««<5.«. 

II 19 29 

-^^9 fy putting 'zr/, ^e fifoU hwuexzz 1 1/ + 3 i 
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IVhUh walue of x, hein^ fuhftituted in the 2.d f ration ^ 

11/— 2 , 11/— 2 22/— 4 

gloves — r= wib. or — ^ X 2= — - — - = / + 

19 19 19 

19 19 19 19 

I z: iv^. or — ^- — i zz ivi^. 

»9 

5«/ ■ • ■ ■ /j, liketni/e, — ^)&. <»«</, then fore, -■^— 

19 19 

18/— 5 /+5 _ 

19 19 



£ri?»r^, fizzigr^^, «W;(fm9r— 5X11+3=209 
r — 52. 

^/id^9 by jMbfiituting this malue of x in the ^d fraSiion, 

nvefiall ha^ve " zzir^-i'\ zz. ivh* §r 

29 29 

±=^=.n.h. 
29 

-. 6r — 4. lor — 20 r— 20 , 

^«/ ixcr::^ zzr4 = ivh, or 

29 -^ 29 29 

r— 20 , 

29 

Therefore, riz2gs+20; and, hy putting s^o, ive 
Jhall have rrz20. 

And, confequently f xiz 209 X20— 52=412^=: «aw. 
^^r required^ 

3. To find the leaft whole number, which being 
divided by 19, fhall leave a remainder of 7; but 
being divided by 28> the remainder ihall be 13. 

A/^349- 
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4. To find a number, which being divided by 
3> 5> 7> and 2 ; will leave the remainders 2, 4, 6, 
and o, refpedlively. Anf. 104* 

5. To find the lead whole number, which, being 
divided by 16, 17, 18, 19, and 20, iball leave 0, 
7y 8, 9, and 10 remainders. An/, 23 25 CO. 

6. To find the leaA whole number* which, being 
divided by the nine digits, refpedively,_.fhan leai-e 
no remainders. An/, z^iq. 



DIOPHANTINE PROBLEMS. 



♦ Dhpbantine prohUmi are thofe which relatt to the 
finding of fquare and cube numbers, &c. and are 
fuch as are generally capable of a great variety of 
anfwers. They are fo called from their inventor 
Diophantus of Alexandria in Egypt, who flourifhed 
in or about the third century, and is the firft writer 
on Algebra we meet with amongft the ancients. 

Thefe quellions are fo exceedingly curious and 
abllrufe, that nothing' lefs than the moil refined 
Algebra, applied with the utmofl fkill and judgment) 



* That Dicplantus was not the inventor of algebra, as hat 
been generally imagined, is exceedinrly obvious \ for his me- 
thod of applying it is fuch, as could only have been ufed in a 
very advanced ftate of the fcience. He no where fpeaks of the 
fundamental rules and principles, as an inventor certainly 
would have done, but treats of it as an art already fufficiently 
known ; and fecms to intend, not fo much to teach it, as to 
cultivate and improve it, by folving fuch quedions as, before 
^& time, had been thought too di^cult to be furmounted. 
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could ever furmount the difEculties which attend 
them. And, in this way, no man has ever extended 
the limits of the analyiic art further than Diopban- 
ius, or difcovcred greater penetration and judgment 
■ in the application of it.. 

When we. confider his work with atfeentioB, wc 

are at a I06 which to admire, moil:, his wonderful 

fagacityz-and peculiar artifice, in forming fuch pofiti- 

.on^:as the nature of the problems required, or the 

more than ordinary fubtilty of his reafoning upoci 

.them.: ^- 

Evcry particular queftion puts usr upon a new way 
of thinking, and furnifhes a freih vein of analytical 
treafure, which cannot but be very inilru«5live to the 
mind, in condudting it through almoil all difEculties 
of this kind, wherever they occur. 

The following method of refolving thefe queftions 
will be found of ccnfiderable fervice ; but no gene- 
ral rule can be given, that will* fuit all cafes ; and 
therefore the folution mufl often be left to the faga- 
city and fkill of the learner. 



g It is probable, there fere, .that Algetira was known in the 
world," long before the time of Dhphar.tus ; butthat the works 
©f preceding writers have baen doiftroycd by the ravages of 
tinae, or the depredations of ignorant barbarians. 

His Anthn:etlcs, out of which thcfe problems were moflly 
coUedled, ccnfifted originally "of thirteen books; but the 
firil fix only are cow exunt. ^ The beil edition is faid to 
be that pubii(hvid at Paris, by ^loniitiur Bachet, in the year 
1621. And in tlufi work, the fubjc<a is fo IkilfuIIy handled, 
that the moderns, noi\vi^h(landIni$ their other improvements^ 
have been able to do iitt|ei.inore than e^^pUin and illu (Irate his 

. method. J- I . .. . t 

.. -Tboiewfaio.baY€i,ffcceeded beft, in^this rt{pe{\, arc Fieta, 

.•J^angktri-KJhfey^.Ht^BlUj^^OAanam, Prefict, Saunderfov, 
Fermat, and Eifk^i*- 

N 
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RULE. 

1 . For the root of the fquare or cube required, 
put one or more letters fuch, that when they are 
involved, either the given number, or the higheft 
power of the unknown quantity, may raniih from 
the equation ; and then if the unknown quantity 
be bat of one dimenfion, the problem will be ibived 
by reducing the equation* 

2. But if the unknown quantity be ftUl a fqnare, 
or a higher power, (bme otiier new letters maft be 
afTumed to denote the root ; with which proceed at 
before ; and (b on till the unknown quanuty be bat 
of one dimenlion ; and from this all the mft will be 
determined. 



examples: 

t. •To divide a given fquare number (lOo) into 
two fuch parts, that each of them may be a fquare 
number. 

Let ;r* (rr O ) if one of the parts, and then loo — ;if* 
^U be the other part, lAjhicb is alfo to he a f^uart 
number. 



* If X — lo had been made the fide of the fecond fquare, 
In this queilion, inftead of ix — lo, the equation would 
have been x* — 20jf + ioo:= loo — ** ,• in which cafe, jt, the 
£de of the fir/l fquare, would have been found =r lo, and 
X — lo, or the fide of the fecond Iqvare =0$ and for thic 
reafon the fubititutlon, x— lo, was avoided; bjat 3X--.Z0, 
4X-- 10, or any other quantity of the fame kind^ woold have 
fucceeded equally as well as the former $ though, is £NUt 
cafes, the refuhs would have bee» kfe fimj^ 
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AJfume thejide of this fecoitd fqitare n2Jif— 10. 

Then nudl 100 — x^ rr zx — -Tc^* =14^?*— 40Jf + 1 00 j 
Andy by reduSiicn^ x::zS, and 2x^-^io::z6, 
Therefore d^ and 36 are the fart i required. 



THE SAME GENERALLV. 

Let c^TT. given fquare number , :r*.(r:D) ::=-one of 
its parts, and a^ — x'^zz the other, nuhich is alfo to be a 
ffuare mtmher, 

AJfume the fide of this fecond fquare zzrx — a^ 

then vjill a* — ^* "Zirx—a^ zz rV— 2 arx -f «* ; 

2ar , zar^ 



And, by reduSion^ xzz , and rx-^w^. 



«r* — a 



r*+l 



■• 



Therefore — £!L and^ — fl are the farts required i 

niuhere a and r may be any numbers, taken at pkafure* 

• 2, To divide a given number (13) cofififtixig of 
two known fqu^e numbers (9 and 4] into two otner 
r^uar^ numbers. 



If 5 and r be any two unequal numbers, of which x is the 
p"eaterj tfien will an, i* — r* and j*4-r*, be the perpen- 
dicular, hafe, and hypothenufc of a right-angled triangle. 

And from this canon two fquare numbers may be found, 
^hofe fum or dlffia^nce fiiali be fquare numberj ; for 

•r i*4-''-| — **-— ^n^ = arij} and thi§ when * and r are 
mof numbers whatever. 

* T|iis quoftion is confidered, by Diofhantus, as a. very lm> 
p^ant on^ being made the foundation^ or baft, of mo^ 

N. a^ ^ 
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And^ covfequintly , y '^ - and 4:=: ::: 

So that ^SH. and ILi^aretbenumBersre^ulr^ 

/^T; wheri r and s may he taken at pUafure, provided 
that r he greater than is^. ^^ 

. t . To find two numbers, wbofe Aim and difference 
jpiall DC both fquare numbers. 

.*-■£#/ X ^nd x^'^^x he the tixjo numhers fiught* ■ 
^ken^ fence their feim is evidently a fquare numitff 

Ari'o/^the cbjfiftSfiny of the queJHons wll he anfnvered. 
There xcmains, therefore ^ only their dijirence * *— 2* 

to he Made a fquare. 
'^ Afidj if for the-fide of this fquare y there he put x — r, 

n»e Jhall have x"^ — zrx-Vr^'zzx'^ — 2Jf, or 2rx — 2xzzr^* 

r* — r^ I* r* 

• Whence, xz^. i- and x^ — x + 



So that . and^~^ 



zr — 2 2r-— 2 

X 



r 
— . are the zumhers 

2r — 2 zr — 21 2r — 2 

required; ^vhere r may he taken at pleafare^ provided 
it he great e r than I . 

6. To find three numbers fuch, that not only 
the fum of all three of them^ but alio ihe fum of 
every two fhali be a fquare number. 

' Let 4^:, ** — i^ and ix-\- 1 he the three numhers 

fought._^ __^_^. 

Then /\.x-\'X^—'j\x{x^),x^^/^Xr\-2X'{-i (a:* — zx+i), 
and 4;(f 4- ;^f * — 4;^ + 2;e + 1 (at* + 2^ -f i ), are evidently 
fquans. 
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Andy therefore i three pf the conditions ^ mentioned in 
the queftion^ are accomplijhed. 

Whence^ it remains only, to make the quantity 

4jf -f 2Jf + 1, or 6jir-|- 1 = /tf a/quare. 

Let, therefore^ 6;r +!=«*; and njue fiall have 

fl*— I 
xzz- 



6 
And^ confequeialy. 



4«*-4 ^*— > 



i^, and 



2i2*— 2 , . 2iJ*— ? /?♦— 26^* + 2C .^+2 

-— Yiior '-> : 7 =^, and — 

6 3 36 3 

are the numbers required i 'where a may he taken /it 

fleafure, fro*vtded it he greater than ^. 

7. To find three fqaare numbers fuch, t}iat the 
{am of every two of them . ihall be a fqaare num- 
ber ♦. . 

Let Jf*, j^*, and «* he the numhers foUght ; 

Or il-f 1= q, 4-+ 1== U;,and ^^ + 4 = D. 

ufW;, hy putting — ~ y and — rz t . 

: «4 2x . », 2r 

wtf pall hanje V \ =: — • — r-— > and jL^ -fir: 

— I ^ "*" ■ luhick are both evidently fquares\ and 






* ThiS' qneftion b eapal^le <«( 9 great mriety of an^ert^ 
but the lead roots^ which have yet been founds in whole 
numbers^ are 44> 117, and 240. See SUmem d* Algehrt^ 
j^Jd,EuUr,''totai^lh ps«g^545r*' " • * 
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therefore it remains only to malt \-— = fqudn 



Bui f!+>!=^%^*-0*+^ 

— 4r V ^^ -^-^ 

/*Xr+j|*Xr— i|*=n. 
>/»</, by making r — I =:/+ 1 , grrrrz -f ^, ^m/follbam: 

7T3 * X /+ ii*XJ— il^-f j*Xj4^ -Pxj-fipzrD ; 

Ori-f2t*x7^^+i*x7+3l*==2i*+8i»+6i*--4r 

4-4=0- 

Ai^xu, /rf /Af root of this.fyuare he ajffitwee4 "^^^ 

Then, 2i*+8j»+6**— 4/+4=:|/»— i+2|*=:4|/* 

Whence izz^-^2\i anJ rzZ'-^zz^ 
And^ ton/equentlj, i— tr^^=— .iZi, ami ^:zi, 

r*-i. 483. 
^r 44 

48 44 

InordtTy therefore, to have the anftver in nvhole 
numbers, let fczz^2%^ and 'we Jhaii have x:^6^^^, and' 
y:^^yg6, or 528, 5796 and 6325 for the roote of the 
fquares required. 

8. To find a nuinber x Aic}i> that ;r-f i and ;r— >i 
^all be both fqaare numbers. Jkf, x'=i\^ 

9. To find a namber x fuch^ that ;ir+i28 and' 
x\ 192 ihall be both %aases* At^^ ^^91- 
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10. To find a number x fuch, that x^+x and x^ 
— x" may be both fquares. j ^ ^25 

24 ^ 

1 1 . To find two n ambers x and y fuch, that x-^-y^ 
x'^'^-y and y^-\-x may be alJ fquares. 

Aftf, jfzij and yiz.^^* 

12. To find three numbers in arithmetical pro- 
greffion fuch, that the fura of every two of tiicm may 
be a f^uare numbej. Anf, I20|, 840^, and\^to\. 

13. To find three numbers fuch, that if to the 
fquare of every one of them the fum of the othef two 
be added, the three fums fhall be all fquares. 

Anf. |, '■/ and I . 

14.. To find two numbers in proportion as 8 is t0' 
15, and fuch that the fum of their fquares fhall make 
a fquare number. Anf. C76 and 1080. 

1 5 . To find three fquare numbers m arithmetical 
progreffion. Anf, - 1 , 25, and 49. 

\6. To find three fquare numbers in harmonical 
proportion. Anf» 1225, 49, a;?^/ 25. 

17. To find four numbers fuch, that if a fquare 
number (100) be added to the produft of every two 
of them, the fums fhall be all fquares. 

-^nf* 2, 32, 88 and 168. 

18. To find two numbers fuch, that their diffe- 
rence may be equal to the difierenceof their fquares > 
and that the fum of their fquares fhall be a fquare. 
number. Anf, ^and^. 

19. To find three numbers in geometrical propor- 
tion fuch, that every one of them being incre^fjsd 
by a given number ig, fhall make fquare numbers. 

An/, Si, —and — i-., * 
4 • izgp 

20. To find two numbers fuch, that if their pro*; 
dud be added to the fum of their fquare^, i? uiatt 
make a fquare- number. 

An/, ^ and ^y Sandy, 16 and ^, l^c* 
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21. To divide a given number (lo) into four hch. 
parts, that the fum of every three of them may make 
a fquare number. j, r i: 186 .681 

289 289 

22. To find three fquare numbers fuch, that their 
fum being fevera]]y added to their three fides ihall 
make fquare numbers. 

jfn/iJiz. — , -i-ii, and -2. zz roots reqidred, 

62920 62920 62920 

23. To find two numbers fuch, that their fum 
being increafcd and lefiened, either by their diiFe- 
reuce, or the difference of their fquares, the fums 
and remainders fhall be all fquares. 

Jn/, :f| and -^q. 

24. To find two numbers fuch, that not only 
each number, but aJfa their fum and their difference, 
being increafed by unity^ fhall be all fquare num- 
bers. Anf, 3024 and 5624. 

25. To find three numbers fuch, that whether 
their funi be added to« or fubtrad^ed ^rfi^i^ the fquare 
of every particular number, the numbers thence 
arifing fhall be all fquares. 

Anf, ■' , > ■ ■ and — ^r» 
90 96 96 

26. To find three fquare numbers fuch, that the 
fum of their fquares fhaJl alfo be a fquare number. 

Jn/, 9, 16, and -li- 

27. To find three fquare numbers fuch, that the 
difference of every two of them fhall be a fquare 
number. An/. 485809, 34225 «»</ 23409* 

28. To divide any given cube number (8) into 
three other cn^e nunifeers. ^ . ^,111 and i. 

•^* 27* 27 
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29. Two cube numbers (8 and i) being given, 
to nnd two other cube numbers, whofe diffbreace 
jQiall be equal to the Turn of the given cubes. 

and iSil. 

343 343 

30. To divide a given number (28} compofed of 

two cube numbers (27 and i) into two other cabe 
vorabers. 6328470; 48340511 .. ^. 

3i« To find three cube numbers fuch, that if 
fitwn every one of them m given number (i) be fub- 
tra6led« tile fam of the ciemainders ihafl be a fquare. 

42Ii. £i25iw8. 

3575 3375 
37. To find three numbers iuch, that if they be 

fcvcrally added to the cube of their fum, the three 

inms thence arliing fhall be all cubes. 

I $7464 157464 '57464 . 

33. To find three numbers in arithmetical pro- 
portion foch, that the fum of their cubes fhall be. a 
cube. Anf. 3, 4, 5, or 149, 256, and 363, feff. 

34. To find three cube numbers fuch, that, their 
fum ihall be a cube number. 

^^{f* 3'* 4^ and ^^, or 21', 19', x8', (j^. 



Of the Summation, and Interpoi.atiok» of 
INFINITE CONVERGING SERIEJS, 

The doSlrine of injirtitt feries is a fubjeft whidi hw 
engaged the attention of the greateft Mathematiciatis 
in all ages.; and is, perhaps, one of the moft ab- 
ftrafe and difficaltbranch^s of/Ubftraa mathematics* 
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To find the fum of a feries, the number of whofe 
terms is inexhaultibley or infinite, has been con- 
fidcrcd by feme as an extravagant paradox, or a 
thing impoiiible to be done. But this difiicalty 
will be ejfily removed , by con fide ring, that every 
finite mrgnitude whatever is diviiible /'« infinitum, 
: or confifts of an infinite number of parts, whofe ag- 
gregate^ or fum, is equal to the quantity firit pro- 
pofed. , ■ 

A number a6lually infinite is^ indeed, ^ plain 
contradidlion to all our ideas ; for apy pumber which 
we can poifibly conceive, or of whidi we have 
any notion, mud always be determinate and finite; 
fo that a greater may be Hill afiigned, and a greater 
after this ; and fo on, without a pc^bility of ever 
coming to an end of the increase or a4l^^oi^' 

And this inexhauflibility, in the nature of nnnu 
bers,. is, therefore, all that we can didlnftly com- 
prehend by their infinity ; for though we can eafily 
conceive that a finite quantity may become greater 
and greater without end, yet we are not from thence 
cnciblcd to form any notion of the ultimatum-, or laft 
magnitude, which is incapable of further augmen- 
tation. 

Wc cannot, therefore, apply to an infinite feries 
the common notion of a fum, or a. colledlion of 
feveral particular numbers, that are joined and 
iiddcd together, one after another; for this fup- 
pofe^,, that thofe particulars are all known and de- 
tennined. But as every feries generally obferves 
ibme particular law, and continually approaches to- 
wards a term cr limit, we can eafily conceive it to 
be a whole, of its.own kind, and that it muil have a 
certain real value, whether that value be determin- 
able or. not. 

Thus, i^ many feries, s number is aflignable, 
beyoiHl which, no number of 4||s teims can ever 
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reach, or indcecl ever be equal to it ; but yet may 
approach to itj, in fuch a manner, as to want lefs 
than any given difference. And this we may call 
the value, or fum'of the feries ; not as being a num- 
ber found bythe common ' method of addition, but 
as fuch a limitation of the value of the feries, taken 
in all its infinite capacity, that if it were pofTible to 
add them all together, one after another, the fum 
would be equal to that number. 

Again, in other feries, the v:ilae has no limita- 
tion ; and this may be exprefTed by faying, that the 
fum of the feries is infinitely great ; or, which is the 
fame thing, that it has no determinate and alfign* 
able value ; but may be carried- on, to fiich a length, 
as that it'S' fum (hall. exceed any given, number "what* 
ever. 

According to the common rule for- fumming up a 
inite progreffion of a geometric decreaiing feries, 
where r is the ratio, / the firft term, and d the leafi> 

the fum is . And if we fuppofe a, the ]efs 

extreme, to be adually decreafed to o, then the fum 

of the whole feries will be . For it is demon** 

r— I 

ibrable, that ^]ie fum of no a^gnable number of 
terms of the ibrles can ever be equal to that quo- 
tient ; and yet no number lefs than it, will ever be 
equal to the value of the feries. 

Whatever confequences, therefore, follow from 

rl 

die fuppk)fitioA of being the true and adequate 

r— I 

value of the feries, taken in all its infinite capacity, 
as if all the parts were ad^ually determined and add- 
ed together, they can never be the occafion of any 
aflignable error, in any operation or demonfiration^ 

O 



J46 SUMMATION OF SERIES. 

where it is tifed in that fenfe ; becaafe if yon fay 
that it exceeds that value, it is dexnonftrable that 
this excefs muft be lefs than any aflignable di^erence, 
which is^ in efFe^t, no difference at all ; and tbere- 
fore« the fappofed error will likewife be no error, 

and confequently ■ may be looked upon as ex- 

preffing the adequate and juft value of the infinite 
ferics. 

But we are further fatisfied of the reafonablenefs 
of this doctrine, by finding, in fadt, that a finite 
quantity does a^ually convert into an infinite feries, 
as appears in the cafe of circulating decimals. Thus, 
f turned into a decimal is -=.0666, &c. =A+ 
iS^y + T^i^i^ + T^SxrB* ^c- continued ad zt^mtum. 
But this is plainly a geometric feries, from -ft, in 
the continued ratio of 10 to i, and the fum of all 
its terms, continued to infinity, will evidently he 
equal to -j, or the number from whence it was 
originally derived. And the fame may be fhewnof 
many other feries, and of all circulating decimals In 
general* 

PROBLEM I. 

Any feries being gi^v en to find the fe'veral orders 9f 
differences. 

R U L E. 

1. Take the firft term from thefecond, theiecond 
from the third, the third from the fourth, &c. and 
the remainders will form a new feries, called the/r/? 
order of differences, 

2. Take the firft term of this lall ieries from the 
fccond, the fecond from the third, the third from 
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the fourth, &c. and the remainders will form ano« 
ther new feries, called t\i^ /econd order of differences. 

3. Proceed, in like manner, for the thirds fourth^ 
^^^i^, &c. orders of diiFercnces ; and fo on till they 

terminate, or are carried as far ad is thought ne- 
ceflary, 

examples: 

I* To find the feveral orders of differences in th» 
feries i^ 4> 9^ 16^ 25, 36, &c. 

I, 4,9, 16, z^i 36, &c. 

2> 2 9 2, 2, &C. 2^ dtff. 
Of O9 O, &C* 

2. To find the feveral orders of difierehces in the 
feries i, 8, 27, 64, 125, 216, &c. 

If 8, 27, 64, 12^, 216, &c, 
7* >9» 37* 6*» gifkciftdijr. 

12, i8y 24, lOyScc.zddiff. 
6, 6, 6, Sec. $ddtff 
0,0, Sec, 

4. To find the feveral orders of differences in the 
fenes i, 3, 6, 10, 15, 21, &c. 

^#/: 1/ 2, 3, 4, 5, tsTr. 2dl, I, l,^r. 

4. To find the feveral orders of differences in the 
feries I, 6, 20, 50, 105, 196, &c. 
JnA ift 5, 14, 30» 55* 9*' ^^- 2^/9, 16, 25, 36, 

CSff. 3</7» 9> \\y ^c. /^b 2, 2, l^c. 

PROBLEM 11. 

Any feries a, h^ c, d, e, ^c. Seing gi'uen, to find the 
firft term ofth^ nth. order of differences. 

O2 



h8 ^summation of series. 



RULE. 

Let ^ (land for -the firft term of the nth. dif- 
ferences. 

2 2 J 

» xlUlx^^ X^^^# ^G* to «+ 1 termj =:^, when 
« IS an even number. 

And —«+«*—« X^Ilir + wxi!!lli x^Il^^— » 

X X X — 'C, &c. t6.«+j terms =^, when 

.2 3 4 

X is an, odd numfoer. 



£ X A M- P L EtS : 

1. Required the .firfrterm of the third order of 
differences, of the feries i, 5, 15, 35, 70, Sec. 

Let a, b, c, d, e, He. =1, 5, 15, 35, 70, tfff. and 
a=3. 

2 2.3 

«+3^— 3^+^= — I + '5— 45 + 35=4=^^^/0^ ^^'•« 

2. Required the firft term of. the fourth order of 
differences of the feries, 1, 8, 27, 64, 125, &c. 

Let a, by c, dy e, Wr. = I, 8, 27^.64, 125, ^c. 
and n'zz^. 

Then a^nb + nx^^c^n X HJ^x^H^^+ffX 

2. 2, ^ 
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X X — ^^ ntf— 4^+6f— 4ar+f=i-.32 

234 
+ 162—256+1*5=0 ; fo that the firft term of the 

fourth order is o. 

3. Required the firft term of the fifth order of 
differences^ of the feries i^ |> |> i> -i^i &c. 

4. Required the firft term of the 8th order of dif- 
ferences of the feries^ '^»Z>9> ^7> ^ > > ^^* -^V* 256. 

PROBLEM m. 
To find the nth. term of the feries i «, b^ Ci d^e^ tsfr. 

RULE.. 

Leti/", </"i -/"», -/'', &c. be the firft of the 
feveral orders of diiFerences>, found z& in the hJk^ 
pKoblem : 

Then will ^+!!=i/«+izix^i:2^"+irix 

1 12 1 

X ^^" + X X ^X i</ *> 

kc* be = nth« term required. 

E X A M p L £.s^: 

!• T6 find the 12th term of the feries 2^6,12,, 

ao, 3Q, &c, 

2^ 6, 125 20« 30, &c. 

4, 6, 8, 10, &c. 

2^ 2, 2, &c. 

Oy O9 &£. . 

Q3 
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Hert \.and 7, art the firjt ttrms of the dijkfmai ; 
Lett therefore t 4=:« » 2zzd^*, and nzniz. 

ne» tf +!!zii/M2i:lx2i:^^"=2+ji^'+ 
I 1 2 

55^"=^+44+ii02=:ijj6r:ia^^/erfflr require/.. 

2. Req aired the 20tlvterm of the ieries l, 3» 6» 
10, 15, 21, &c. 

1., 3,. 6, 10, 15, 21, &c. 

2,3, 4, 5, 6, &c. 

1., 1^ I, I, &c. 

o, 0/ o. Sec, 

Here 2 and i are the firft terms of the differences^ 

Let, therefore, 2Z=;^', izi^dy , an^^ nzzzo, 

7'he?ia-i^"JZld^-{'"JZlx^^d''=zi + igd^ + 
I 1 2 

rj I ^" 1=1 + 38 + 1711=2 1 ozz 20/>& /f r« required, 

3. Required the I5.th term of the.feries i, 4, 9, 
16, 25, 36, &c. ^//I 225 1. 

4. Required the 20th term of the feries i, 8, 27, 
64, 1^5^, &c« y^^f 8ooo^ 

PROBLEM IV. 

7'afnd the fum of n terms ef the feries a, h, c, dg. 
e, i^c, 

RULE. 

Let d\ d", d'", d'\ &c.'be the iirft of the feve- 
ral orders of differences. 

Then will «^+«X^Z2^/* +«.xlZixlZf^'« 

2 23 

. ^» — I »— 2 ft — 3 ,11, , ^« — I n — 2 

+ «X X X.— r^<^ +»X X X' 

2^4 2 ^ 
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^Li-lx^^^'^* &C' =^0 the fum o£n teri^s.oEthe. \ 



4 5 

feries. 



EX A. M P^L E s : 



1. To find the fum of n terms jof the feries 1/2^ 
3, 4, 5, 6, &c. 

»> 2, 5, 4, J, 6,&c. 

I, 1 9 I, I, I, &c. 

^<?rf I and o are thi firft terms of the dtfferencer% 
: IteftJhere/orgj azzi, d^zni, and d^^zzq; 

Then ^iU naJ^ny.'iZld^zzn^ f!ll?=:2!±!=: 

2 - 22 

y^^ ofn terms ^ as requifed^ 

2. To find the fum of » terms of the feries 1% 2% 
3% 4*^ 5% &c. or I,. 4, 9, i6> 2.5, &c* 

t, 4^^ 16,, 25, &c.. 

3> 5> 7> 9* &c.. 
2^ Zf 2, &c. 
o> o^ &c. 

Here^ and^z are the fir fi terms of the differences .* 
Z^/, therefore^ azz.\^ d^zn^ and d^'zzz, 

^henwiU na+nx'Hilid^ +nx'!—Lx^^d''=»+ 
3«X +«X — P-x 1=^; h = — — - 

2 ^ 2 3 2. 3 ; < 

■ ^ ' " iSw :=:fum of nJermSf as required. 
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* 3* To find the fum oin terms of the ieries i^, 
2*, 3', 4*, 5', &c. or I, 8, 27, 64, 125, &c, 

i> 8* 27, 64, 125, &c. 

12^ 18, 24^ &c. 

6, 6, &c. 

o^&c. 

Herethtfrfi terms cf the differ enus am 7> 12 and 6* 
Lety therefore^ a:=ii, d^zzj, d^^zziz, i{ttdd.**^:^6, 

nen 'Will na+nX^:Zld' +nx'LZL x"^'^d^^ 

2 23 

+ »X X X 2^"*=:«+7«X + I2» 

2 3 4 2 . 

» — I »-i—2 , , ^« — I » — 2 « — 3 7«* — ?» 
X X +0«X^ X X i=:i— — i- 

2 3 * 3 4 2 



• The fums of a feries of powers of the natural lumbers xj 
2> 3> 4? Si &c. may be exhibited as follows : 



1 

2 



4 
5 
6 



1 +2 +3 4-43&C. +» nl-ltr 

326 

424 

,4+24+34+44, &c, +«4=~+-+"' 



5 * 3 30 
i? + 2* + 35+45, «fc. +«5z=-r+-+^ 

O 2 12 12. 

, , , ^ ^ , ' nT ifi nS fi\ ^ It" 
16 + 26 + 36+46, &c. +«6 — _ + _ + +«. 

7 2-2 0-42 

jr + ^r + jr+^r, &C. +»^=U:+1+^1 

I r+T 2 -^ 4 

2.J.4.5.6 2>3>4<5>6.7.t) 
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4 4 

r= fum ofn terms ^ as requireti* 

4. To find the fum of n terms of the fe r les 2, 6, 
12, 20, 30, &c. ^-»X«+lX»+2 

3 

5. To find the fum of n terms of the feries 1,3,6, 

10* IJ# *c. . - »o^±l^'^+^^ 

^V«' " X- u X ■■ • 

r I 23 

6. To find the fam of « terms of the femi.J, 4^ 
lo, 20, 35^&c. .#^/- «^»l^I^H^f ^«+'3 



1234 

7. To.find.the/um of^ir termsipfth^^e^'1%2^ 
3*, 4*, &c. or I, 1(5, ^Bi, 25$, &c. 

Anf. --+—+. 

5: i 2 3 a*' 



k 



The fume of in terms of a feries of tHangulu^ nombm may 
alfo be exhibited as fiollq^'s : 



t 

5 
6 



14-14- 1+ l^ Scczin 

«.« I- 1 



i4--i+ 3 + .4>*«.=: 



1.2 
1 4-3 + . .6 4-xo,. <fc, ac iii^illii 



1.2.3 

14-44-10+20, &c;z:.. ' !-^ 

i* a^3*4 _^^ 

. , . . ^ . «.«4"i'« + ^'" + '?-« + ^-'»4-^ 
i4-64-2i-f56, &c.:z: - ■ ■ ■ i 
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PROBLEM V. 

The feries a, 6, c, d, i, He. leiit^ gt'ven, ijohofi 
terms art at an unites diftana ficm each Qthtr | t$Jind 
at^ iMttrmdiatt ttrm fy intirf^lathH* 

RULE. 

Let ;r be the diftance of any term jr to be interpo- 
lated, and d^, d^^^ ^"S 5:c. the firft terms of the 
differences : 

ThenwiU ii+jri/'+*xlZ:!-/" + ;^xfZix 

2 2 



3 * S 4 

IXAMPLBS: 

I. Given the logarithmic' fines of i® o^ i^ i% 
I® 2% and I® 3' to find the fine of i^ V 40". 

1^0' I**!' 1*2' 1*3' 

SiMi 8.24I85J3 8.2490332 8.2560943 8*2610424 

71779 7061 1 69481. 

•—1168 — 1130 

38: 

Here the firft terms of the differences are 7I779» 
•^ii68> and ^S. 

Let, therefore, ;r=i® V 40''-.!^ c'riT 4o''zri j 
rr dijiance ofy, the term to be interpolated ; and d*zz 
71779, </"=— 1168, ««^//"*=38. 

7:6f« <wiI/y=a+xd^+xX^^:Zld'' + xX^JZl x 

2 2 

""^^■"zr^+i^'+i^^-i-^"' =8.24x8553 + 
3 3 9 81 
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.0119631— .0000694— .oooooo2=:8,2537533=:/»tf 



a -f 



of \^ \ 40", as <wa5 required » 

2, Given the ferics ■^, jV* rj» Tr> tt> ^c. to find 
the term which ftands in the middle between ^\ and 
IT Anf. 1-i.i* 

3. Given the natural tangents of 88*^, 54', 88°, 
55', 88°, 56', 88°, 57% 88S 58', and 88°, 59' j to 
find the tangent of 88°, 58', 18". 

-^»/i 55.71 1 144. 

P R O B L E M VI. 

Having ^<ven a/eries of tquidifiant terms a, ^, c, 
dy e, l^c. nubofefirji differences are /mall i to find any 
mtermediate term fy interpolation. 

RULE. 

Find the value of the unknown quantity in the 
equation which ftands againft the given number of 
terms, in the following table, and it will give the 
term required. 

^— bzz o 

^—2^+ rrr o 

a — 3^+ 3^ — din o 

a — 4^+ Of— 4i/+ ezz o 

a^^b^ lOf— io//-f 5/— /*=:o 

a^6b+ X5r— 20//+ '5^— 6/'+j'r:o 

a — ^«3+»X-II-f — »X ? .X' ^ - ^ ^f* — O. 
2 23 

examples: 

I. Given the logarithms of loi, io2j 104, and 

105 ; to find the logarithm of 103. 



I 

2 

3 
4 

I 
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Here the numher of firms are 4, 
Therefore againft 4, in the tables 'we h'MVe d'^i'\' 

6c^ji^d+e-=Loi or c=^j:}^I+]:zf±£. 

6 



iazz 2.0043214 
^= 2-0086003 
d^ 2.0170333 
^~ 2^.0211893 



i*M«PM 



4 X ^ -|-</ii: 1 6. 1025340 
a + em 4.02*55 f 07 

6)12.0770233 

2.0i28372=:/i^t f^i03, asfifmreJ* 
2. Given the cube roots of 45, 46, 47, 48, and 
49 ; to find the cub* root of 50. jf»f. 3.684033. 
3 Given the L garithms of 50, 51, 52, 54, 55, 
and 56 ; to find the logarithm of 53. 

Jnf, i. 7242758695. 

PROMISCUOUS EXAMPLES RELATING 

TOSERIES. 

1. To find the fum (S) of /r terms ofthc feries i, 
2, 3, 4, 5, 6, &c. 

F/'r/? I + - 4- .^ -*- A -!- c. ^c nzzS. 

^ta^^^H^ M^^H^HBMA Wa^H^BiHB a^i^a^a^^M. 

Andn'\-n — i -r'*'- ^.-. : — 4 'J — 4».^^ Iiz^. 

Th erfore «+ 1 -{ ti-^ i-\-n-{- 1 +»+ I, l^c 

j^7jd confcqiientJy n-}- 1 Xn'zizS; or Szz H— — 

2 
y?/;;; required. 
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To fiod the fiiA \S) xi£M teroia of tke feries i« 3^ 

// ry? i-l-3+.5.+7+9.;tfff . . r ' yg w — i^-y * 

• • • • IZZu* 

And^ con/equently, znXM^izS^; ot S=^l^ zz n^ZZ 

/»m nquitevl. 

3. Required the ftim [S) of » terms of theferi^ 

«>a^>a-^^ ^m^m-~^mm-^ ^laB-iakaaa^ m—mmmm^^^-^ ^ 

a+a+a+a+id^a+^d-ha + ^f fcfr, 

nd^^/idy ^c a::zS. 

The refore z a-^-nd^d^ Z0+nd'^d+ Za+nd*»d,.i^c. 
za+sd — dzzzS, 
Andy con/efuently, za-^-ftd-^dXnzzzS i or S^ 

za^ nd-^d X .«-r = Jum rff&uired, 
2 

• « 

OR It u V s : 



Firfl, a +iz+d'\-a+td+a+id j^a+^, &C. 

""I+0+I+2 + 3+4, fiTr; X</3"^ 
iB«/ « teri^s ^ I + 1 + 1.+ 1 + 1, &c. = ». ^^ 

.. 2 

And^therrfm ^=^4+^,^-?""' ^"^zzza+nd-^dA 

' '. z 

w- fl/ before^ 
z 

p 
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4. To find the fimi (S) of « terms of the feries i^ 
jr, X*, x', pf*, &€• 

Firfi, l+x+x^+x*+x*, Wf. . . • ^'-'n^, 

nere/hre —1 +;jf''=^^— ^ j 

Or 4^=:: *" = ySuv required, 
x^l 

Anif tuhenxis a proper fraSion, the fum of tU 

/eries, continued ad infinitum, may be found in the fame. 



Thus, I +*+;r*+*^+;r*, l^c. =:S. 
And ;r+;r*+*H**+*', ^c. :=Sx. 
Therefore —i^Sx-^S; or S^Sx^ i . 

Whence S::z. = fum of an infinite number •f 
terms, as required* 

5. Required the fam {S) of the circulating ded- 
mal .999999, &c. continued ad infinitum. 

lirft, .999999, t«fr.=i.+ J-+-2_+_i_-y<: 

10 ICO 1000 10000 ■ 

=9 X : J. + JL + _L- + _L_, y<:. = 5. 

10 100 1000 lOOOO 

Or, ±+-L+-i_+_i_, tff. =±. 
10 100 1000 loooo 9 

^•^re^^rr, I + J.+ J_+_L., tf<-.=— . 

10 100 1000 9 

9 9 9 
Whence Sm 1 r: yi«r required, 

6. Required the fum (5) of the feries «*+«+/|* 

+tf+2^1*+a+3^*+«+4^1% &c. continued to « 
terms. 



SUMMATTION OP SERIES, 
: 'fl+^^=:a*+ 2 X-W4. i6</* 



5» 



Tberefore.S^i + • •• '''^'^ {^0+1+2+3, tfr, 

+ . . . . ditto ^0+1+4+9, ^^* 

Arfw/^nw/ ^1 + 1 + 1 + ly Jfff. =r i •^ 

Ditto Vo+x + 2 + 3, y^. sliiiZi 

1^2 



And ditto £/*.0+l+4+9, tfr. 



^»X»-rrI X2«— I 

a. "' . ^ 



-iTrr 



^^i»fr^i=:«xra*+ffX«— 1 Xtf^+ 



1x2X3 

«X«— 1 X2J» — f 

; 15*2X3 



-X« =«« +«^« X«— 1+ ^izfiim 

1X2X3 

nquirfd. 

7. Req air ed the fumj.?) of the ferrc»«'-f «+<^ 

+«+2<rfl^+tf+3</b+^i+4rfl3, &c. continued to ir 
terms. ^ 

Firfi, a^zza^ 
J+7)^=:tfH3Xi«V+3X l^*+ l</' 

«+27l^=a3+3X2«V+3X 4/r</*+ 8</^ 

.. ^17i^f=iiH3><S«V+3.x 9^^*+27^* 

ia+45l3z:«H3 X4«V+3 X i6tf</*+64i/* 

Pz 
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» ■ '■ ■ 



Sum ofn terms of Irf i + i + i, Cffr. 

+ . . . ditt9 •/ 0+1+2+3,^^. 
rherifore, 5= I ^ ^**',. ^ ^^ 

+ ... ////^ 0^04.1 4.84-27, ^a 

Difff \ •. ^p+l + 2+3i, 6fr. =:l£!lZ:2 

Dim . . . ^/o+i+44.o^5tftf.=5aii5Zi2i;:Ul 

1x2x3 



2X2 



*%^ 5==^^3+22l!!^:!ii3fl'+ 



I X2 



required^ 



8. Required the fum {S) of n terms of the feries 

• 7!&g /^/«j ^ t his, f cries are e<vidently equul H \% 

i-f2, i-f2-f4, i-f 2+4+8, {^f. «r the fucceffnir 
/urns of the geometrical progrej/ion I, 2^4989164 ©f. 

Let, therefore, ^z=i, tf/jr//rrr2, and n»e^ all have 
a+ar+ar^+ar^-^ar^^^c. m + 2+4+8+ i6,Csff. 

uff«/ thefMtns «/* 1, a, 3, 4, £^c. /^«w £^<^> ^r£«> 
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3 
4 



nr— I X— ^ 

r— I r — I 



ji 



ar" — a ^^ a 

=^ —I X 

r— I r— 1« 



r — I "" r— 1- 

ar^ — a _^_^ g 



Therefore, ^=;3yX } ^^^^^..y^l+T+l + l,^^. 

^ r— 1 

yi&«/f^ 3-zzP^ X -1-— « X-f- = >« required. 



9. Required the fum (5) of « terms of the feries 

J — |.-i--^2-4.wi-fil_, &c. tiie terms of which are 
I 2 4 8 10 

the fucceffive fums of the geometrical progreflloti 
+ _+_+_+_, &c. 

I 2 4 o 10 



Letazmandrzz.ifthenwilla-^ 1 4-— 4« - *' 

r r r r 

jB«/ thefumi of i, 2, ^, ^, iffc. /^r/»/ ^ th^.s feries 
are- 



pj 
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r—iXa 



— — — :=zr — ^l X 

r—iXi r— I 



3 
4 



===±= — =r— IX- 



H — I Xa 



r--i X 



^— — * 



r*— 



I Xtf 

^ 1 



r— iXf**^'^ r' 



^ r « terms e/r-frr+r-^r, Ifc^ 

J»/ r+r+f +r, ^^. =: nr, 

J»d — I 1 L--.c5rtf. r= * 

Whence Szz X nr LZli — ^ /um requirtL 

10. To find thbe fum (^) of the infinite feries of 

the retiprocals of the triangular numbers, JL j. JL 

1 S 



^ 6 ^7^ 



Let 1- F-T-+ — > ^'^' ad infinitunt Tz S*^ 

136-- 



10 
Or, ^+ J.4.^+ J-, effr 



i.l 1.3 2.3 2.5 



nen — +J 



1.2 2.3 3.4 4.5 



2- 



T[battSi 1 1 J , l5c. ZZ -. 

»22 3 344S 2 
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L 2345 J 

Whemey ^--^ t^^^ ; «r Szzzzn Jim nquiredm 

* II. To find t^e Auti of xt tennis of tbe feiie» 
1 I I I I « 

1 3 6 xo 15 

12345 « 

* 2 ^ 3 ^4 5 « 

I ^«-f 1 2 ^ 3 ^ 4 5 «-ti 



* Let X = fum of an uififtite number of terms, and 5=: 
fujti of « terms. 

Then theformuU for Ae funis of the i^cipTOOals of figurater 
numbers may be exhibited <as follews : 

2 5 

III 



3 

5 



+—+—+—» 



234 

I I I 'ftf.— *.^* * *' 
"T 3 6 lo* I ~" 1 I « + i 

1 I '^— 3.,^3 3 i'^ 

4 20 ;u> ' 2 2 2- »— x.»— 2 

II 1 I fc, ^4__,4_4 i»2.3 

5 15 3i 3""3 a i»+i.« + 2.« + 3 

&c, &c,. df^» 
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Therefore I L:.=i+i+l+i.t2rf. /^! IL 

I «+i z 6 12 20 n »+!. 

Orr -l^i+] + l + ± ^c.to^J—. 
«-fi 2 o 12 20 |».«-fl 



«+i I 3 6 10 n,H+i 

Or, L4. i_Li+i-4.-L W!c. to — f — (tfif n tmns) 

::r- v zz/um required* 

12. Required the fum of tlue infinitederies —..-^ 

1^2-3. 

2-3-4 3-4-5 4-5-6 

Zf / ;si=-4i--| 1. -f-» &^* ad infinitums 

'2345 

T^y^^ff « —- ir — h- -+-H — » ^^' ^ tranfp^Jttiom 
12345 

^/</ I n 1 1 \. — , lie. by fuhtraOion.' 

L.2 2.3 3.4 4.^ 

Or 1 — - z= 1 f-— -I ■* ^^- ^ tran/pofitiom- 

2' 2.3 3,4 4.5 5.6 

jind -:;3— 1 — L ■ JL _-L. , fsT-r. bj /ubtraQion*- 
2 1.4.3 2.9.4 3.16.5 

z 1.2.3 2.3,4 3.4.5 4.5.6 

Whence' -u 2 = k — ! — l |i — -, fcTr. 

2 * 1.2.3 2.3.4 3.4.5 4.5.6 

Or. -L.+.J-+-L- + -J^,e^..=i4-2=:: 

1.2.3 2.3.4 3.4.5 4; 5^.6 z 

- "^rfum required* 

4 
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13. To find die fani of /» terms of die ieries . 

1*2.3 

2-3-4 3-4-5 +•5-6 

1 I I f^ . I 



£///{:=:— .^j ^j -;}., ^f. /« 



1.2 2.3 3.4 ».«+! 

2 2.3 3.4 4.5 „„^^ 

.2 ^i.«+2 j5.3 a-4- 4-J 



2 «+i»«+2 1.2.3 2.3.4 3-4'S 
(continue^/ to n terms) by fuhtraSion* 

Whencel =L_^=-L-4,-L.+-J-, &f<:^ 

4 2.n+i^n'^2 .1.2.3, 2*5-4 3 -4-S 
{ecntinued to n terms)- fy diuijun. 

And einjh[aemfy^ ■ ■ \w i r jf. ,,.. ^.^.^ , £2^^, ^ « 

1.2.3 2.3.4 3.4.5 

terms "zi^ LI ■■ ^. .■ i { '"^^^ ■ .. !^ y^ rejUired^ 
4 2.»4-*.*»4"2 

14. Required the fum (*S) of thefaies -,^ +3-^ 

248 

— , &c. continued ad infinitum, 
16 

2 1+^. 



W6 SUMMATION OP SERIES. 
^li-i-x 

+x^-^x^+x^^x^, isfc. 

I. 



t 



ir^4-Q +0 +0 +o , tfr. 
Hberefore xzzx. 

2 4^8 i6^3a 1+1-3 

required. 

. 15. Required the fiini of the infinite feriesi+?4. 

o 16 32 

Then ^ ^--. =:;(?+ 2;r*+3;r^-f4Jt*+<jr»^e5fr» 



"^ i I — 2X 4-;<r* 



x-\- 0+ 0+ o, l^c^ 
Therefore x'^x* 



I' 
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quired, 

16. Required tke fum {S) of the infinite feries 

3^9^27^81 

Letxzz-', and _ ■» ,:z^« 
3 T=^ 

Jndjc-=zi'^x\^XX'\'^^-\-gx^-^l6x^il^c. 
ZZX-i-x^y as fwill be found by aSiual muliiplicatidnm 
Therefore ;e+;ip*=:«. , 

And confequently x-{-\x*'-\-(^x^-\- i6x^, iffc, =l^i+f 

^ 1 4. g 16 tc? — t-Xi+i" — 3 — /• 
Or — LZ4--2-J- — , CSTr. = ^ L l =: i 'izfum 

3 9 27^81 tz:t|3 2 

required. 

17. Required the fum (1^) of the infinite ieries 
a a-V-d aA-zd a+^d ^^ 

;» mr mr^ mr^ 

Let x:=^, and S zz^ ^, 

ptri^^^xi ^ ^^ ^^ ^^ 

Or * .=«+f±f+li2f+fiJf, ef.. 
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^;fi/«== I--57' Xtf 4-«+</;r+i»+2^*+«+ 3<^* y<^* 



r:i — xy^U'^dx^ as tviii appear hy a^ual midtifli* 
cation* 

Therefire «= jT^ X O^ dx. 

And confequently f+fLlL-^llLL^ i^c. 3t 

m mr mr^ 

j—xXa+d* - ^ required. 
aw. I — ^a'* 

EXAMPLES FOR , PR ACTICE. 

1. To find the fum o f n tgr ms of the fiaits «+ 
a — d+a — 2^+«— 3//+a— 4^, &c. 



.^^ - X 2tf— »« — i X d. 

2 

2. Required tlie Aim of the infinite feries a+da 
+d^a+d^a+d^a, &c. where </ is a proper fraAion. 

An/, . 

I — ^ 

3. To find the fum of the infimte feries i +J5*;if + 
3*Ar*+4^;c3 + 5*A^, &c. . . i-fl<.r-|-ii4P^4-.i^' 

4. Required the fum of the infinite feries 1+3;^ 



I- 

5. Required the fum of the infinite feries 1+4;^ 
+ ioAf*-f 2o;v3+ 35'*^> ^c. . . 1 

4 til. -^ ■ 'v3 

I— Jfl 

6. Required the fum of tb» infinite feries ^ 4. 

1-3 



3-5 5-7 7-9 « 
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7. Required the fum of 40 terms of the feriea 
1x2 + 3X4+5x6+6x7, &c. , Afif. 2J8960. 

• ' . I 

8. Required the fum of the infinite leries ■ ■■ 

1.2.3.4 

+ \ 4. !—•, &c. Anf. -i . 

2.3.4.5 3-4-5-0 *^ 

9. Required the fum of n terms of the fcries 

T I I 

f. + ^, &c. 



1.2.3.4 ^.4.5 3.4-S-6 

Anf» ^ 



18 3.»+i./;+2.»+5 

ID. Required the turn of « terms of the ferles JL 

r 






1 1 . Required the fum of the feries ..i. ^ JL .f 

1.4 2.$^ 



3-^ +7 «X3+» 



^;t/*- Szzli,^=: ^ 4. * * 



iS 3 + 3^ i2+6» 27+9* 

12. Required the fum of the feries JL 4. «L -i. 

2.6^4.8^ 



6.10 2»4+2;/ 

16 32+48«+i6«» 
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13. Required the fom of the feries -! IL j. 

4.8 6.10 

., &c.« 



8.IZ z + zn.b-i-Zfg 

fn/.Z — L, S zz 



48 i6+i6» 36 + 24»' 

14. Required the fum of the feties -i — 1 L4 

^ 3.8^6.12^ 



I I.I 

+ ,&c.. 



9.16 12.20 3».4-f4« 



^/f/ r=:L,5= 



12 I24IZ9 



• 15. Required the fum of the {tT\e% —J — 4 

2.6.4.5 



4 -^ ! — > «c — 



4.8.5.6 6.10.6.7 2n./^ + 2n,'^ + n,/^+ft 



'^52 H 4.l+» 8.24« 

5 



: + ^= 

l2.34-» i6.4.+» 



* A great variety of feries, of different forms, may be found 
in other authors ; but thofe which are here given will be fuf- 
ficient for the learner's praAice. 

The names of the principal authors, who have written upon 
this fubjc6)-^ are as follow : 

Archimedes j Arabes ; D' Alembert j Barrow j Bri^s ; Ni- 
cholas, Daniel, John and James Bernoulli j Fcrmat j De Car- 
tes j Clairaut; Condercatj Cotes; Dodfonj Euler; Emerfon; 
Fagnanus ; Le Grange; Goldbach j Gregory j Halkyj Har- 
riot j Huddens; Huygcns; Huttcnj Kepler j Kcilj Landen; 
Mac Laur!n ; De Lagney ; Leibnitz ; Lorgna ; Lucas de Bar- 
go^ Manfredi ; Monmort; CeMoivre; Montonoj Nichole; 
Newton J Oughtred ; Riccatij Regnald j Saunderfon; Ster- 
ling; Slufius; Simpfon; Brook Taylor; Yarignon^ Vietaj 
Wallis} Waring; &c. 
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OF LOGARITHMS*. 

Logarithms are numbers fo contrived and adapted 
to other numbeW, that the fums and differences of 
the former (hall correfpond to, and fhew, the pro- 
dufls and quotients of the latter. 

Or, more general!/, logarithms are the numerical 
exponents of ratios; or a feries of numbersin aiith- 
nietical progreflion, anAvering to another fcries of 
numbers in geomecrical progrefiion. 

^1 Co. I. 2.* 3. 4. 5. Indices, or iogarithms* 

\ I. 2. 4. 8. 16. 32. Geometric progrejpoft, 
^ Jo. 1.2. 3. 4» 5. Indices y or logarithms • 

^ I I. 3« 9» 27. 8i, 243. Geometric progrejion. 
^ Co. I. 2. 3. 4. 5. Ind.orlog^ 

''11. 10. 100. 1006. loooo. looooo. Geo. prcg. 

•And, from hence, it is evident, that there may be 
as many kinds of indues, or logarithms, as there 
can be taken different kinds of geometric feries ; 
and that in any fyllem,. or table, of logarithms 
whajtever, the logarithm of unity, or i, will be 
nothing. 



• The invention of logarithms is the undoubted right of 
Lord Ntpery Baron of Merchiftorty in Scotlandy and is proper!/ 
confidercd as one of the moil uf^ful and excellent difcoveries 
of modern times. A table of thefe numbers was firft puhlifh- 
ed by him at Edinburgh, anno 16 14, in a treatife entitled 
Canon Mlrlficvm Logaritbmorum ; and as their great utility and 
ejctenfive application, were fuAiciently apparent, they were 
immediately received by all the learned throughout Europe. 
Mr. Henry Briggs, Savi/ian ProfeffoT of Geometry at Oxford, 
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It is, alfo, apparent^ from the nature of theft 
feries, that, if any two indices be added together, 
their fum will be the index of that number which is 
equal to the produdl of the two terms, in the geo- 
metic progreffion, to which thofe indices belong. 

T^us, the indices z and 3 , being added together ^ an 
^5 ; and the numbers 4 and %y or the terms corrt' 
/ponding nuith* thofe indices y being mnhiplied together^ 
are 1332, njohich is the number an/nvering to the in- 
dex 5. 

And, in like manner, if any one index be fub- 
traded from another, the difference will b6 the 
index of that number which is equal to the quotient 
of the two terms to which thofe indices belong. 

Thus the index 6, minus ,the index 4, is znz ; ond 
the terms cor re/ponding to thofe indices are 64 and 1 6, 
nvhofe quotient is =4 ; ivhicb is the number anfijcering 
to the index 2. 



upon hearing of the difcovery, fct out on a vifit to the noble 
inventor, and foon afterwards they jointly undertook tlie ardu- 
ous tafk of comj uting new tables upon this fubjedl, and re- 
ducing them to a mere convenient form than that which was 
at firft thought of. But Lord Neper dying before they were 
f»n.'fhed, tlic whole burden was laid upon Mr. Brlggs, who 
with prodigious labour, and great (kill, made an entire Cancn^ 
according to the new form, for all numbers from 1 to acoco, 
and from 9C00 to loicco, to 14 places of figures, and pub- 
liihed it at London in the year 1624, in a treatife entitled Arith' 
nretica Logarithmic a, with diredions for fupplying the interme- 
diate chiliads. 

This Cancn was again publifhed in Holland, by Adrian Viacq, 
atino 16 18, together with the logarithms of all the numbers 
which Mr. Briggs had omitted ; but he continued them only 
to 10 places of decimals. Mr. Briggs alfo computed the loga- 
rithms of the figns, tangents and fecants, to every degree, and 
1 J-^ pa^'t of a degree of the whole quadrant j and fubjoined 
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For the fame reafon, if the logarithm of any num- 
ber bq multiplied by the index of its power, the 
produdl will be equal to the logarithm of that 
power. 

ThiiSy the index, or logarithm of ^, in the above 
/eriesy is 2 ; and if this number be multiplied by 3, the 
prcditSi nxjill be zzb ; ^which is the logarithm of6\, or 
the third po-wer of \» 

And, if the logarithm of any number be divided 
by the index of its root, the quotient will be equal 
to the logarithm of that root. 

Thus the index y or logarithm of 6\ is 6 ; and if this 
number he divided hy 2, th^ quotient nxjill be zz-T^ \ 
nvhich is the logarithm of%y or tie fquars root of6j^. 

The logarithms moil convenient for pra£lice are 
fuch as are adopted to a geometric feries iacrcafing 



them to the natural figns, tangents and fecants, which lie 
had before comptited to 15 places of figures. And thefe tables, 
together with their conftruftion and ufe, were firft publiihed 
in the year 1633, after Mr. Bnggi^s death, by Mr. Henry 
Cellibrafidy under the title of Trigonotnetr'ia Brltannica. 

Benjamin Urfmus has alfo given us a table of logarithms to 
every 10 fcconds. And Mr. JVolfy in his Mathentatical Lexicon, 
fays, that one Van Lofer had coriiputed thexfl' to c^'cry fmgle 
fecond j but his untimely death prevented their publication. 

A great number of other authors have treated of this fub- 
je£l, but as their numbers are frequently inaccurate, and in- 
commodioufly difpofed, they are now generally negleded. The 
tables in moft repute at prcfent, are thofe of Gardiner in ^.tp, 
firft printed in the year 1742, and Sberivin in 8vo, firfl printed 
in the year 1705, where the logarithms of aH numbers may be 
cafily found from 1 to locooooo ; and thofe of the figns, tan- 
gents, and fecants, to any degree of accuracy required. 

Dodfort^s Antilogarithmic Canon is likewrfe a very ingenious 
work, and is of great ufc for finding the numbers anfwering: 
to any given logarithms. 

0.3 
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in a tenfold proportion, as in the laft of the above 
examples ; and are thofe which are to be found, at 
prefent, in moft of the common tables upon this 
lubjeft. 

And the diftinguifhing mark of this fyftem of lo- 
garithms is, that the index, or logarithm, of i is o; 
that of lo, I ; that of loo, 2 ; that of 1000, 3, &c. 
And, from hence it follows, that the logarithm of 
any number between i and 10 muft be o and fome 
fradional parrs ; and that of a number between 10 
and 100 will be i and fome fraAional parts; and fa 
on for any other number whatever. 

And jince the integral part of a logarithm is al- 
ways thus readily found, it id ufually called the 
index y or char.i^erijlicy and is commonly omitted in 
the tables ; being left to be fupplied by the operator 
himfclf, as occalion requires. 



Of the making of LOGARITHMS. 



Whatever arithmetical progrefTion we apply to a 
geometrical one, the terms of it are logarithms only to 
til at feries to which we apply them, and anfwer the 
€T,^. propofcd only for thofc particular numbers; fa 
tiiatif we had logarithms adapted only to particular 
geometrical fcrics, they would be but of little ufe. 
'i'hc great end and defign of logarithms is the eafe 
and expedition they aiF( rd in long calculations, by 
faving the laborious work o^ multiplication^ di'vijion, 
and the eximdion of roots 'y but this end would never 
be completely anfwered, unlefs logarithms could be 
adapted to the whole fyftem of numbers, i, 2, 3, 4, 
&:c. And as here lay the excellence and merit of the 
contrivance, fo alfo the difficulty. For the natural 



OF LOGARITHMS. 175 

fyflem of numbers, i, 2, 3, 4, &c. being an arith- 
metical, and not a geometrical feries, feems rather 
fit to be made logarithms of, than to have logarithms 
applied to it. Yet this difficulty may be eafily 
removed, by confidering. 

That though the whole fyftem of natural numbers, 
I, 2, 3, 4, &c. makes not one geometrical feries, 
and cannot, by any means, be brought within fuch 
a feries of determinate numbers, yet they may be 
brought fo near to it, as to be within any aifignable 
degree of approximation ; which may be conceived, 
in general, thus: Suppofe a fraftion indefinitely 
fmall to be reprcfented by x, and a geometrical 
feries arifing from i, in the ratio of i to !+*■, to 

b^ I, i+A-f, i-\-xY, i-f;c|3, i+aK &c. Then muft 
fome of thcfe terms come indefinitely near to coincide 
with all the natural numbers, i, 2, 3, 4, &c. ; be- 
caufe amongft numbers that arife by indefinitely 
fmall increments, fome of them muft exceed, or fall 
fhort, of any determinate number, by an indefinitely 
little excefs or defe^. < 

If, therefore, in the places of the terms of this 
feries, that do approach indefinitely near to any of 
the natural numbers, we fuppofe thefe natural num- 
bers themfelves to be fubftituted, then will the feries 
be a geometrical progreffion, to an exadncfs that 
may be called indefinite ; becaufe the approximation 
of its terms to the natural numbers, can never end, 
bat goes on in infinitum. 

And fince this imagined geometric feries compre- 
hends, indefinitely near, the whole fyftem of natu- 
ral numbers, i, 2, 3, 4, &c. fo the indices of its 
terms comprehend a whole fyftem of logarithms, 
which are adapted to this fyftem of numbers, and may 
be extended to any length we pleafe. For though the 
natural fyftem of numbers make not, by themfelves^ 
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a complete geometrical feiics, yet thev are conceiyed 
as a part of fuch a fcries^ and their logarithms are 
the indices cf their diitances from unity in that 
feries ; or, more generally, they are the correfpond- 
ing terms of an arithmetical fcrics applied to that 
geometrical one. 

But, again, it muft be obferved, that an indefi- 
nitely fuiall fruftion cannot be afligned ; and, there- 
fore, in the adual conftruftion of logarithms, we 
rnufl be contented with a determinate degree of 
approximation. Whence, accordingly as we take 

X, fo in the feries i, 7+T*> i +^1*, i +JfP, i +x]\ 
i<c. the approxim ition of its terms to the natural 
r. umbers will be in different degrees of exaftnefs: 
for the lefs ;t is, the nearer will be the approxima- 
tion ; but then the more are the number of involu- 
tions of i+;»r, nece/Tary to come within any deter- 
minate degree of nearnefs to the natural number 
aiEgned. 

I'hus then we may conceive the poffibility of 
making logarithms to all the natural numbers, i, 
2, 3, 4, &c. to any determinate degree of exadlnefs ; 
viz. by afligning a very fmall fraction for x, and 
a^lually raiSng a feries, in the ratio of 1 to i -f jf, 
and taking for the natural numbers fuch terms of 
that feries as are the neareft to them, and their in- 
dices for the logarithms. But then, to conflruft 
logarithms in this manner, to fuch an extent of 
numbers, and degree of exaftnefs, as would be 
neceflary to make them of any confiderable ufe, is 
next to impoflible, becaufe of the almoft infinite 
labour and time it would require. This, however, 
is an introdudlion for underflanding the method of 
the »o6Ie in'ventor, who undoubtedly firft took the 
hint of making logarithms from the confideratioa 
pf the indices of a geometrical feries ; and by meaos 
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of the principles and known properties of thefe pro- 
greflions, he fir ft formed his tables, and adapted 
them to the pradical purpofes intended. 

PROBLEM I. 

To fnd the logarithm of any of the natural num* 
hers, I, 2, 3, 4, isfr. according to the method of 

Neper. 

RULE. 

1. Take the geometricaf feries, i, 10, 100, 1000, 
1 0000, &c. and apply to it the arithmeiical feries 
I, 2, 3, 4, 5, &c, as logarithms. ^ 

2. Find a geometric mean between i and 10, 10 
and 100, or any other two adjacent terms of the 
feries betwixt which the number propofed lies. 

3. Between the mean, thus found, and the ncar-^ 
eft extreme, ^nd another geometrical mean, in the 
fame manner ; and fo on, till you are arrived within 
the propofed limit of the number whofe logarithm 
is fought. 

4. Find as many arithmetical means, in the fame 
order as you found the geometrical ones, and the 
laft of thefe will be the logarithm anfwering to the 
number required, 

example: 

> Let it be required to find the logari|;hm of 9. 
Here the numbers befween ijohich 9 lies are i and 10. 
Firft^ then, the log, of 10 is I, and .the log, of i is o ; 

therefore -JI— zz.5 is the arithmetical mean. And 



V'l X 10 n: \/ 10 = 3.1622777 rr geometric mean i 
*whence the logarith?n .£/" 3. 1622777 is .5.- 
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Secondly y the log. of lo // i, and the log, of 
3.1622777 // .5; therefore ^ ^ := . 75 zz arithmetic 



cal mean. And \/io X 3.1622777 1=5.6234132 rr 
geometric, mean ; ^whence the log. c/* 5.62341 3 2 is .75. 
Thirdly y the log. of 10 /V 1, and the log. of 

5.6234132 is .75 ; therefore Lil2ir=.875 =z arith^ 



metical mean. And ^Z 10. X 5.6234132=7. 4989421 
zz geometric mean \ 'whence the log. of 7.4989421 is 
.875. 

Fourthly, the log. of 10 is i, and the leg. of 

7.4989441 is .875; therefore III— LI zzi .9375 == 



^ithmeticalmean. And v/ 10 X 7 .4989421 =8 .6596431 
zz geometric mean \ nvhence the log. of 8.6596431 // 

•9375- 

fifthly, the log. of 10 is i, and the log. of 

8.6596431 is .g^yt;; therefore "^'"-^^S zz .96875 



rz arithmetical mean. And v/ 10x8.6596431 rr 
9.3057204 zz. geometric mean; ^whence the log, of 
9.3057264 // .96875. 

Sixthly, the log. ^^ 8.659643 1 is .9375, and the log. 

r/*9.3057204 is .96875 ; therefore '^^ ^'^'9 — 7£_ 

2 

• 9 5 3 1 2 5 = arithmetical mean. And 

V^8. 6596431 X 9. 3057204=: 8.9768713 :=: geometric 
mean ; ^whence the log. of 8.97687 1 3 '-f .95 3 1 25 . 

And, proceeding in this manner y after 25 extraSlions, 

the logarithm of 8.99Q9998 fwill he found to be 

w9 5 42425 ; nvhich may be taken for the logarithm ofi^, 

hecaufc it differs from it cnly by i-^-^x'CoQi and is then* 

forefufficieutly exa6t for all f radical fur p of es. 
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And in the fame manner the logarithms of almof all 
tie prime numbers nu ere found \ a ivork fo incredibly 
I'ihoriouSy that the unremitted indufiry of fveral years 
ivas fcarcely fujficient for its accomplijhment^ 



PROBLEM IL 

Tfl determine the hyperbolic logarithm (Z) of any 
given number {N), 

The hyperbolic logarithm of any number, is the 
index of that term of the logarithmic progreffion, 
agreeing with the propofed number, multiplied 
by the excefs of the common ratio above unity. 

Let, therefore, 1+3" be that term of the loga- 
rithmic progreffion, I, 1+^*, I +;t|*, 1 -f a] ^ I -f ;cl*, 
&c. which IS equal to the required number (N). 

Then will i+Tj^rziST, and i+xtz.N^; and if 

1 +j be put = N, and m zz — , we fliall have i -^x 

n 

2 2 

y\ &c. 

3 

fit ^u^ T 

And, confequently, x:=imy+mX y^ + m X 

2 

m — I «— 2 



X j^'f &c. wiere m being rejedled in the 

23 

faftors m — i, m — 2, «r— 3, &c. as being indefinitely 

fmall in comparison of 1, 2, 3, &c. the equatioa wiU 
become xzzmj^^ -f 2Ll — ^, &c« 
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Hence ±{nx=:L)=:x^jl+jL^^+jL, 
rn 2345 

ZcQ, zz hyperbolic logsurithmofN, as was required. 

PROBLEM III. 

The hyperbolic logarithm (Z) of a number being giveny 
ufnd the number (N) it/elf, answering thereto. 

Let i-f jrl' be that term of the logarithmic pro- 

greffion, i, T+Jfl'i i+aV, i-f jr|', i-f a]*, &c, 
which is equal to the required number N. « 

Then, becaufe i+jf]" is univerfally =! + »*•+« 

x!IZ:3;r*+»x^:Zix^III^*','Ac. we fhall alfo have 
2 23 

^ ^ 3 . . 

But becaufe 9, from the nature of logarithips» is 

here fuppofed indefinitely great, it is evident that 
the numbers connedled to it by the fign — , may all 
be rejefted, as far as any affigned number of terms, 
being indefinitely fmall in comparifon of ». 

Therefore, by throwing out i, 2, 3, &c. from the 

fadors 2lil-, -^, ^iml, &c. we (hall have 1 •\-nx 
234 

J I- 1- , &c. z= A'. 

2 2.3 2.3.4 . 

But»;r (zrZ) is the hyperbolic logarithm of 14-7]% 

or A^, by what has been before fpecified ; and there- 

71 73 i^ 
forei + L + — I- 1 , &c. r:A^=in umber re- 

2 2.3 2.3.4 

quired. 

PROBLEM IV. 

To determine the hyperbolic logarithm (Z.) of any 
^i'ven number {N), by an univerfally converging feries. 
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The feries jf — :Z— 4. L — y 2L-, &c. . is the moft 

234, 
eafy and natural that can be obtained i bat, in de- 
termining the logarithms of large numbers, it is but 
of little ufe, fince, in ali fuch cafes, it diverges in- 
ftead of converging. * 

Let, therefore, the neinber whofe logarithm ymxi 

would find, be denoted b/ , and aljfo let i +x\l!i^ 

he the term ctf the loganthalic .progrefiMm ,agre«ing'. 
with the propofed number. 

. • ;— . I * r • ■ ' 

Then i+^r=- — -; or i+4r=: : i.-^ / 

Tl^pi = i^* ( by puttkig 4w=:-± ) -r^^ _«y • 

+/W X -jT-^mr^ ^^ r-y, &C. 

And, if ;» be rejed«d in the fa€toiiii»— >i, jit^e, 
;»— 3, as before, our equation will tsecome i-J-^;:;. 

«»* my^ Mj^ ^ . J : 

I ^my ^ ^ ^ &c. 

* 3 4 . ' . 

Whence J +tL-+2L-(-Z-&c. ==— — =:»;r=: 

• 2 3.4 ',«'f: . 

hypcrboliclogarithm of — ! — ; which feries, it U 

manifeft, will conftantly converge, let the value of 
be ever fo great; becaufe y will always be 

lefs than unity. 

But it is to be obfdred, that this feries, except 
in its figns, has cxa^ljr the fame form with ti»t 

R 
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above found for^ the k>garithin 6f i +y, and that, 
if both of th^m be added together, the feries 2^+ 

BZ-^-^^iL, &c. thence arifing, will be more 

'3 5 7 
fimple than either of them, fince one half of the 

terms will be intirely deftroyed thereby. 

• jSince, thereforcp the fum of the logarithms of any 
two numbers is equal to the logarithm of the pro- 
dud 6f thofe nambers, it is manifeft that 2x+ 

HL^^, ftCi'will truly exprefs xht logarithm of 
3 5 

JLLff; whTch feries converges ftill failer than x+ 
I —X . • f 

^^._, &c. not only becauie the even powers 

^3 

are here defbroyed, but becauie x^ in finding the 

logarithm, ^f any given ^number (N) will have a lefs 
value. 
. AAd, in order to determine what this value of x 

muft be, tfiake -JZL-rrN, and then x will be found 

i—x 

zz f but if the quantity propofed / \ be a 

fraction, inifead of a whole number, make JLtf ~ 

i-^x 

P P— Q 

— , and you will have x:i^ -S; and either of 

thefe values being fubftituted in the foregoing feries 

- • 2X 2X^ • • 

2X'\ 1- — * &c. will give the hyperbolic loga*. 

rithm of the -number required. 

Now, by finding JW/^r's logarithm of anj' num-- 
ber, according to the foregoing method, Briggs^, 
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•r the common logarithm of the fame number, may 
be found as follows : ; 

Briggs's logarithm of any p umber, is to Nefer^s 
logarithm of the fame number, as Bnggs's logarithm 
of lo, is to Neper* s logarithm of lo. 

But Briggs^s logarithm of lo is i, and Nrfer% 
logarithm of lo is 2.302585093 ; and, therefore, 
if Bnggj^s, or the common lo?;arithm of any num- 
ber, be denoted by C.L, and Neper's, or the hyper- 
bolic logarithm of the fame nujmber, by H.L. wie 
(hall have 2«302585093 : 1 :: H.L. : C.L; or 

^'^ >< 2.302s'85093 =^-^ ^ .4342944819= CL. 
as was required*. 



• There arc, befides thefe, many other ingenious methods, 
which later writers have difcoTered, for finding the logarithms 
of numbers, in a much eafier wdy than their original inventor; 
but as they cannot be underilood without a knowledge of 
fome of the higher branches of the mathematics, I have thought 
proper to omit them, and mud beg leave to refer the reader 
'to thofe works that are written exprefsly upon the Aibjed. 

Ir would, likewife, much exceed the limits of this com- 
pendium, to. point out all the peculiar artifices that are made 
ufe of for conflruding an enthre table of thcfe numbers j fucb as 
• thofe of Garditter, Sberwin, and others, who have treated on 
this fubje£i. 

It will be fufiicient to dbferve, that the logarithms of afl 
the prime numbers being had, thofe of the compofite numbers 
may be found only by means of addition and fubtra^tion. 
Thus, h.^:z:^L,^l L.ioziL.2-{-L.5; L.5z=L.io — L.2 ; 
I>.6=:L.a+L.3, and fo on for any other of thefe numbers. 



tt 
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OF LOGARITHMS. 



Of the method op using a tabu op 

Logarithms. 

1 

Having explained the inethod of making a table 
of the logarithms of numbers greater than unity, 
the next thing to be done is, to fhew how the loga- 
rithms of fra^ional quantities may be found. And> 
in order to this, it may be obferved, that as we 
have hitherto fuppofed a geometric feries toincreafc 
from an unit on the right hand, fo we may now 
fupjpofe it to decreafe from an unit towards the left; 
anclthe indices, in this cafe, being made negative, 
will ilill exhibit the logarithms of the terms to which 
they belong. 

Thus, Log, —3 ..2—1 04-1+2 +Sfi^c» 

Num.fQ^-^ li-a ,% 1 .10 100 1000, feTr. 

Where -f- 1 is the logarithTH of 10, and —17/^ iogd' 
rithm of -jV 5 '\'^thi logarithm of 1 00, and —2 the 
logarithm of i\-^y He 

And from hence it appears, that all numbers^ 
confiding of the fame figures, whether they be in- 
tegral, fradlional, or mixed, will have the decimal 
parts of their logarithms the fame. 

Thus^ the logarithm of 5874 being 3«7689339, the 
logarithms of -j*^-, -^l^r, -^-q'^q, tsfr. />art of it 'will bi 
he as follo^ws : 



Num. 

5874 
5 8 7-4 
58.74 

5.874 

.5874 

,05874 

.005874 



Logarithms. 

3-7^39339 
2.7689339 

1.7689339 

0.7689339 

— 1.7689339 

—2.76893 39 

-3-7 9 893 3 9 
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From this it alfo appears^ that the index, or cha- 
ra^eriftic, of any logarithln, is always one lefs than' 
the number of fibres which the natural number 
coniids of; and this index is conflantly to be placed' 
on the left hand of the decimal part of the Ipga^ 
rithm. 

When there arc integers in the given number^ 
the index is always aBirmative ; but when there are 
no integers, the index is negative, and is to be^ 
marked by a line drawn befpre it, like a negative 
quantity in algebra. 

^bjiSf a number bwving I, 2, 3, 4, 5, l^c, integer 
places t ' 

Tbe index of its log. is o, i, 2, 3, 4, &c. 

jinJ afraSion ha'ving a digit in t be place of primes, 
jeconds^ thirds, fourths, 13 c. 

1" be index of its logaritbm ivill he — 1, —2, — ^3, 
— 4, fcff. 

'It may alio be obferved» that though the indices 
of fradtional quantities are negative, yet the decimal 
parts of their logarithms are always affirmative ; and 
all operations are performed by them, in the fsime 
manner as by negative and affirmative quantities in 
algebra. 

In taking out of a table the logarithm of any 
number, not exceeding loooo, we have the decimal 
part by infpc£lion ; and if to this the proper charac- 
teriflic be affixed, it will give the complete loga- 
rithm required. . 

But if the numberf whofe logarithm is required, 
be- above loooo, then find the logarithm of the two 
neareft numbers to it, that can belbund in the table, 
and fay, as thelr*^ difference : the difference of their 
logarithms : : the difference between the nearefl a urn* 
ber and that whofe logarithm is required : the dif- 

R 3 
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ference of their logarithms, nearij ; and this dif- 
ference being added to» or fubtracled from, the 
neareil logarithm^ according as it is greater or leis 
tlian the required one, will give the logarithm re- 
quired, nearly^. 

Thus, let it be required to £nd the logarithm of 
367182. ' 

T6e decimdl part of 3671 i/, iy the taik 
•5647844; and of i6jz is .5649027 J 



« • 



The C 367100 // 5.5647844 7 
log, of \ 367200 // 5-5^490^7 J 



Their diff. 1 00 .0001183 dijf. 

Near4ft^N^ C 367200 
Ci'ven N^ X 367182 



18 diff. 

Therefore too : .0001 183 :: 18 : .0000212, 
Jnd 5.5649027 — .00002 12=5.56488 15= loga^ 
rithm cf 367182 nearly. 

If the number confifts both of integers and frac- 
tions, or is entirely fradional, £nd the decimal 
part of the logarithm as if all its figures were inte- 
gral ; and this, being prefixed to the proper charac- 
terillic, will give the logarithm required. 



• This method being founded on the fuppofition, that the 
logarithms of all nainbers between 367100 and 367200^ in- 
creafe, or decreafe^ equally^ according to their diflance from 
367 ICO or 367200, is not ftridly true, but nearly foj and the 
greater any numbers are with refpe^ t© their difference, the 
nearer will thofe differences be proportional. And, therefore, 
though this will not give the exaft logarithm, yet it will be 
a very near approximation^ and is fufSciently exadt for mof^ 
|ira^;ai purpofes. 



OF LOGARITHMS, i%j 

To find the logarithm of a proper fradlon ; 'fal>- 
tra£l the logarithm of the denominator from the 
logarithm of the fiamerator, and the remainder will 
be the logarithm fought ; which, being that of a 
decimal fradion, muft always have a negative 
index. 

And to find the logarithm of a mixed numbers- 
reduce the given number into an improper fradlion ; 
then fubtrati the logarithm of the denominator from 
the logarithm of the numerator, and the remainder 
will be the logarithm fought. 

In finding the number anfwering to any given 
logarithm, the index, if affirmative ^ will always 
fhew how many integral places the required numbejr 
confifls of; and, if negati^ue^ in what place of deci- 
mals the firil, or fignificant figure, funds ; fo that' 
if the logarithm can be found in the tab]e> the num- 
ber anfwering to it will always be had by infpeftion. 

But, if the logarithm cannot be exactly found in 
the table, find the next greater, and the next lefs, 
and then fay. As the difference of thefe two loga- 
rithms : the difi^rence of the numbers anfwering to- 
them : : the difference between the given logarithm 
and the neareft tabular logarithm : a fourth number ; 
which added to, or fabtradied from, the nataral 
number anfwering to the neareil tabular logarithm^ 
according as that logarithm is lefs or greater than the 
given one, will.give the number required, nearly. 

Thus, let it be required to find the natural num- 
ber anfwering to the logarithm 5.5648815. 

The next hfi ami greater logarithms y in the tables, 
art 

5.5647844 ^ The numhers C 367100 
5.5649027 y ai^'wmng X 367200 

Their diff. .0001183 100diJ\ 
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u/^iT 5.5649027—5.56488 I5SS.00002 1 2, 

Thenfere .0001183 : 100 : : .0000212 : 1% nearly 
If^hence ^6jzoO'^l^zzi6ji^2:=. nmnbsr required* . 



MuLTiPtiCATioK Sy Logarithms, 

RULE. 

Add Uie logarithms of the £i£lor; together^ and 
their fam wifl be the lognrithm^of the jiroda^ re-^ 
quired.- 

Obferving to add what is to l>c cimed^from the 
decimal part of the logarithm to the fum of ^ the af-r 
firmative indices : 

And that the difference between the ^affirmative 
and negative indices^ is to be taken for the index to 
the logarithm of the produd. . 



r X A M PL B s r 

1; Let the number 256 be multiplied by 4; . 

The log. of 256 = 2.4082400 
The log, of 4 =r 0:6020630 

The produB =ilp24 ...3^0103000 • 

♦ Diredions, at large, for the ufing of logarithms, may hi. 
found in moft of the common tabled upon this fubjedt.- — 
Sher^irC% Mathematical tables, of the Edition 1741, or 1742, 
are reckoned ^he mofl corredl and convenient^ for pradilcal 
purpoie9> of any now extant, . 



OF LOGARITHMS. i€^ 

2. Let the number 8.5 be multiplied by io« 

The log, of 8.5 =: 0.9294189 
The log, of 10 ziz i.ccooooo 

• Tke produ£i =z 85 . . . . i .92941 89 



- 3. Let the number 46.75 be multiplied by .3275» 

The log. ^46.75 rr 1.6697816 
The kg, cf .^z-j^^ —1.5152113 

Thi produSi := 25.31 .•«. 1.1849925 

^ 4« Multiply 5.7681 2.053, and .007^3 co»» 
'tinually togetner. 

The log. of 3768 = 0.5761109 
The log, of 2.053 = 0.31238S9 
The log. of .007693 = —.5.8860957 

TbeproiuH = .05951 1 • • • — 2»7745955 

5. Multiply .f, .4, and .12, continually togethen 

The log, of ..$ zz — IJ6989700 
The log, of .4 = —1.6020600 
The log, of .12 = —1.0791812 

TheproduSl = .024. . . —2.38021 la. 
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Divisioir by Logahithms* 

RULE. 

From the logarithm of the dividend fubtrad the 
logarithm of the divifor, and the number agreeing 
to the remainder will be the quotient required. 

But obferve to change the index of thc-divifor 
from negative to affirmative, or from affirmative to 
negative, and then the difference of ihe affirma ive 
indices mull be taken for the index to the logarithmr 
of the quotient. 

And, alfo, when an unit is borrowed, in the left 
hand place of the decimal part of the logarithm, 
.«dd it to the index of the divifor ; but if it be n^a- 
tive fubtradl it ; and let the index ariiing from thcaoB 
be changed and worked with as before*^ 



SXAM r L B s: 

1. Let the number 56 be divided byrthe num- 
ber 4, 

The log, of 56 := 1.7481880 
The leg. of 4 ;= 0.6020600 

The quotient z:: 14 . . • • i . 1 46 1 280 

2. Let the number 50.75 be divided by the num- 
ber .25-. 

The log, of 50.75 rr 1.7054360 
The log. of .25.=: -^1.3979400 

The quotient z: 203 2. 30749.50 
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3. Let the number 24 be divided by the number 

9'he log, of .24 rz —1.3802112 
The log. of .80 z= 1.9030900 

The quotient ^003 .... *^3 .477 1212 

' 4. Let the nnmber .01265 be divided'by thenaih- 
ber .35. 

. The log, tf^ .01265 =r — 2.102Q905 
, The log. of .35 =.—1.7403627 

< _ 

The quotient =.023 . • . .-r— 2.3617278 



Invoxution iy Logarithms*. 

RULE. 

1 . Seek tlie logarithm of the given number in the 
t^Ie. 

2. Multiply the logarithm, thus found, by the 
index of the propofed power. 

3. Find the number correfponding to the produ^, 
and it will be the power required. 

Note, In multiplying a logarithm with a negative 
index, by any affirmative number, the produdt will 
always, be negative. . 

But what IS to be carried from the decimal part 
of the logarithm will always be affinnative : 



* The rale of proportion is performed by addinjg; the loga- 
rithms of the two laft terms, and fubtrading the logarithm of 
the firft. 
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And therefore thcit difl«rence vtall be the index of 
the produd ; and is conflantly to be m^de of the fame 
kina with the greater. 



BXAMPLBS: 

I. Required the fecond power of .the aombGr 
3-874- 

f%e log. of 3.874 = 0.5881596 
Tin indkx = 2 



Tbi pe*wer zz 15.01 •• ..1.1763192 

2. Required the third power of the number z.ySt, 

• nt log, rf 2.76^ = 0.4421661 

Ti?€ index n 3 

The power :=, 2 1 .2 1 • . . • i .3264983 

3. Required the third power of the number .7916.- 

The log, of .7916 r= —1.8985058 
The index = 3 

The ftomtter zz .4961 . . . —1^6955174 

4. Required the twelfth power of the number 

i<539- 

ne log, 4f 1-539 = 0.1872386 
The index zr 12 



Thefofwerzz 176.6. •••2.2468632 
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' 3. Let the number 24 be divided by the number 

80. 

The log. of .24. =: —1.3802112 
Tht log. ef ,80 := 1.9050900 

The quotient .-OOJ . . ; .1-3.4771212 

' 4.. Let the number' ,01265 be divided'by the noAi- 
ber .3j. 

, Thi log. d/".oi26; = —2.1020905 
^Tki log. of ,.35 =.-1.7403627 



Tbi jueiietit ==.023 . . . -— 2.3617.278 



Involutidk iy Loo ak it H^t *. 

RULE. 

1 . Seek tlie logarithm of the given number in the 
tsfcle. 

2. Multiply the logarithm, thus found, by the 
index of the prOpofed power. .v ■ 

3. Find the number correfpodding to theproduA, 
and it will be the power required. 

Note, In mutdplying a logarithm with 2 negative 
index, by any affirmative number, the produA will 
alwayis. be negative. . 

But what 15 to be carried &om the decimal part 
of the logarithm will always be affirmative : 
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3. What is the cube root of the number . 166375 ? 

The kg, «/*• 166375 n — 1. 221 088 1 
Therefore 3) —1. 2210881 

The root zz .^^ . . . —1. 7403627 

4. What is the fquare root of the number .08162? 

The log*. of .08162 = — 2.9 1 17966 
Tlarcfore 2) — 2 .911 7966 

The rooi =: .2857 . . . —I '455 8983 

5. What is the twelfth root of the number 
176.6? 

The log, of ly 6. b = a. 2469907. 
Therefore 12)2.2 469907 

The root zz 1,^29 1872492 



MISCELLANEOUS <^U E S T I O N S. 

I. A perfon being aiked what o'clock it was, 
anfvvcred, that it was between 8 and 9, and that 
the hour and minute hands were exadly together; 
what was the time ? h. ^ 

jfnf 8 : 43 : 3^8 A- 

a. Divide the number 50 into two fuch parts, 
thnt ^ of one part, added to | of the other, may 
make 40. -^nf, 20 anJ 30. 

3. What two numbers are thofe, whofe difference 
is 12, and their fquares equal to each other? 

An/, -|-6 an^ — 6. 

4. There is a certain number, conlifting of two 
place?, which is equal to the difference of the fquares 
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3. Let the number 24 be divided by the number 
So. 

Thi tag. cf .34 = —1.3802112 
The log. ef .80 = 1.9050900 

The quaiint xoj .... —3.4771 11 z 

' 4. Let the number .01265 be dtvided'by AenuAi- 
ber .3 J. 

. Tht lag. b/", 01265 ^ —2.102090; 
.ne Ug. of .35 =.-1.74 03627 

Tbt qmiieet =.023 . . . .-—2-3617278 

Involution iy Looakith^s*. 

RULE. 

1 . Seek tlie logarithm of the given number in the 
tsfcle. 

2. Multiply the logarithm, thus found, by the 
index of the propofed powxr, , ■ - 

3 . Find the number corre'fimnding to the prodaA, 
and it will be the power required. 

I^Bie, In mul^lyin^ a logarithm with a negative 
index, by any affirmative number, the produA will 
<tlwa)U,beDe^adve. . 

But what IS to be carried &om the decimal part 
of the lo^trithni will always be affinoative : 



I* The rule of proporrion it performed by adding the loga- 
•% of tlic two lail terms, and fubitaOioE the logarithm of 
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1 6. If money be lent, at three percent* 

To thofe who chafe to borrow. 
In what time (hall I be worth a pound. 
If I lend a crown to-morrow ? 

Anf, j^, goo ^6 years, alio*wing ctmp, int, 

17. Required the two leall nonquadrate numbers, 
;r and jr, fuch, that ;ip*+j^*, andAr'-fjr' ihall be both 
fquare numbers. Am/. xzz^6^, ainijzzzy^* 

18. There are three numbers in geometrical pro- 
poriion fuch, that if the mean be fubtraded trom 
the fum of the two extremes, the remainder muU 
tiplied by the fum of the faid two extremes will be 
91 ; but if that remainder be multiplied by the fum 
of all the three numbers, the produft will be 133 ; 
it is required to find the three numbers by a iimple 
equation. An/l 4, 6, and 9. 

19. To determine two numbers whofe fum fhall 
be a cube, but their produd and qudtientsiqoares; 

Anf, 4 and 4, 100 and 25, 900 and 1 00. 

20. Required chat arithmetical progreffion whofe 
number of terms is 10, fum of the terms 185, and 
the fum of the cubes of the terms 104525. 

Anf, 5, 8, II, 14, 17, 20, 23, 26, 29, 31. 

21. I'o divide a given number (N) into 4 fuch 

parts, that if any other number (») be added to the 

firfl part, deducted from the fecond, multiplied by 

the third, and the fourth part divided thereby, the 

fum, difi^erence, product, and quotient, fhall be all 

equal to each other. 

N» N» N NffX/r 

Anf, ' — «, =ir -f «, -.. and \ =1 

[parts required, 

22. Given A'^j;-f^^;if=:5 12500, and jf^— jVn 
2500; to find ;if and^. Anf xzz2^ andyzzzo. 

23. Given jf+j-f-«n6, xy+xz.+yz:=:ii, and 
xjzzzS ; to find x, y, and z, 

Anf xzz^, yzzi, andz:=2s 
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24. To find two numbers in the ratio of 5 to j^ 
and which being refpeclively divided by 9 and 13, 
fliall leave 3 and 8 for remainders. 

Jnf, 210 and 294. 

25. To find three numbers fuch, that | the firft,' 
^ of the fecond, and | of the third, fhall be =162 ;' 
■J of the firft, I of the fecond, and ^ of the third 
=47 ; and | of the firft, \ of the fecond, and :J of 
the third =138. Jn/, 24, 60, and 120. 

26. Given ^+^=357, y+^=476, «+ 



iy 



3 4 . 

r=595, and *«;+ — zz'ji^; to find ;if, j^, «, and w. ' 

5 
. Jnf, jifr=i9D, j^z=334, 15=1426, and «w;t::676. 

27. To find four nun^bers ^, y, «> and ot^, hav-; 
ing t^e .produdl of every three given ; viz. xyz:^ 
231, xy'w;^(^zOt yziAjzizi^^Oi and A"«ii;r=66o. 

An/, xzz'ifi yiz-j, «z:ii, /?«// 'M;r:20,. 

28, To find' four numbers in geometric propor- 
t'on, whofe fum is 15, and the fum of their fquares 
85. An/, I, 2, 4, 8. 
- 29; To find three numbers, x,yy and «, whe» the 
prbdufl of each by the f um of the other two - aye g iven; 

viz. ;rXj»+«r=48, j^x^ + «=39> and»x^-f-j'~63. 

An/, *r:4, jfcr3, and x^r^g. 
30. What number is that, which, being any hov^. 
divided, the fquare of one part, when added to the 
other part, fhall always be a fquare number ? . . 

An/ I only, 
31.. Given j;^ + asm 27, y^-^-x-zzi^^, and A-'-f.* 
j''+«^z=ii33 J tofind^, ^, and «. 

An/ x:=iio, yiz^i und fc'zz.z^ 
32. Given ;if* +;«•>= 108, ^*-fj»c:6^, and »*+' 
;f»~58oj to find ;(f, J?, and «. 

^w/I xi:io^ J^=;3> andz^'zz.ZQ^ 

S3 
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33. Given x+yzzz^S^, y'\'Xzz:z2^y, znd z+xy 
zzigz ; to £nd x, y, %. 

Anf, xzziOy yni']^ atuix^zz. 

34. To find the lead number, which being di- 
vided by 6^ 5, 4, 35 and 2> ihali leave the remain- 
ders 5, 4, 3, 2, and I refpedively. An/, eg. 

3c. To find three numbers fuch^ that the iam 
or oiiTerence of any two of them fhall be fquare 
numbers. An/. 1873432, 2399057, «»^ 2288168. 

36. To find two fquare numbers fuch, that their 
fum may be a icuare, and their difference a cobe, 
and the fide of the faid fquare and cube equal to 
each other. ^^ 7^3 ^y 4i4 



IJ625 15625 

37. To determine tke number of fifteens that can 
be made out of a common pack of 52 cards. 

An/ 17264. 

38. To find a fradlion fuch, that being taken 
from its reciprocal the remainder fhall be a Iquare. 

At/ Find /nch a /ra^lion as that its hiquadrate 
being added to 4 is a /quare^ and it luill 
an/^wer the quejlion* 

39. Given ;r*-4xy-f'j*=:io87, and A*+;r^'+j>* 

^4577295 > ^^ ^^^ * and jr. 

An/ x'ZiZl and yiz.ll^ 

40. Given jr+j^-f «=:78, ;v*-f j^^-f x*=2546, and 
jry— ;ir«— jr«zi527 ; to find jf, y, and x. 

An/ ;icn4i, j>ir28, and z:z.g, 

41. Given jr-|-j?=i52, and x-^yyX x— ^'*zr 
8192; to find jf and jr. An/ x'zz\o%, and yiz^, 

42. To find three numbers fuch, that if to the 
fquare of each the produdl of the other 2 be added, 
the fums fhall be fquares. An/ 73, 9, 328. 

43. Let the number of cards in a pack (/) be 
diftributed into any number of heaps \n), by laying 
as many cards upon the bottoo^ Jteap as are fuS< 
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cient to make up its number q ; then by having the 
number of cards remaining in the dealer's hand, (r) 
and the number of heaps (/r) given, it is required 
to find the fum of all the botto m car ds. 

-^V"' f + I X « + r -^p zz fum required. 

44. To find 3 numbers fuch, that if each be fub- 
traded from the cube of their fum, the remainders 
ihall be cub^. . 13851 19467 , *^954- 

^ 85184 85184 85184 

45. Given Ap*=: 1 23456789 to find x. 

Anf, ;m8.6400268. 

46. Given the cycle of the fun 18, the golden 
number 8, and the Roman indidlion 10; to find 
the year. Anf, 17 17* 

47- To find 3 cube numjbers fuch, that their fum 

fliall be both a fquare and a cube number; and if 

that fum be fquared it (hall be a cube, and if h be 

cubed it (hall be a fquare. 

, ^ x^ %x^ I2cjr* t , 

Anf. —2—; <wbere X may be any Hum^ 

•^ 8 27 216 

her fwhatever; if it ie zz2l6 they *witl he 

*whole numbers. 

48. To find 3 "numbers fuch, that if each be 
added tO the cube of their fum, the ftims /hall be 

cubes. 2362$ 153^ 2lsr?_ 

157464* > 57464' 15746? 
49. With guineas and moidores, the feweft, wjikh 
way. 
Three hundred and fifty-one pounds caayou pay. 
If paid every way 'twiU admit of, what fum 
Do the pieces amount toi — ^my fortune's to 
come. 
An/, 9 guineas and 253 mpidins ; and 37 
<iM0^/> nubidt it =12987 /• 
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50. Given jr«*zr«*^=:ioo j to find ap and «. 

jfn/. xzzj[y.yo6 and js=:i.42» 

51. Given 440oajif*+i=«*; to find x and y in 
whole numbers. 

Aft/. xiZj^OJ^SigSiiziySi and xzz 

8491781781142001. 

52. To find three whole numbers fuchi that the 
excefs of the greated above the middle number^ fhall 
be to the excefs of the middle number above the 
leall^ as 3 to I ; and alfo that the fum of every two 
of thefe (hall be a fquare. 

j^n/, 1362, 402, 82; or 4" X 1362, 4''X40Z, 
and 4" X 82 ; fwbere n is any affirmati've /«- 
ieger. 

53. Given ;ir+>2=« (2), and ;t'-fj?9--^(^2), to 
find X and_y by quadratics. 

An/, ^iz 1. 4697 1 75 ««^j=z. 5302824. 

54. Given xyzz^oo, and j^^zzjoo ; to find x 
and J'. An/, x:ii\.6gi ^andyiz^, ^i02, 

^1^. Given ;ir)>X;if-f z|*=:300, xzyy-\-z\^z=.izg6, 

and yzXx +^Piz43 2 ; to find :r, ^', and 2: 

An/ xzziy yzz'^t zzzg. 

56. Given *it»'+;if+J'+«=57> 'z*'+^^+j'+^=: 
2763, av+jf-f^^ + «=:i353, and w-fAf-f^-f-a^iz: 
153 ; to find X, y, », and ov. 

^w/". jfrzi4, J'— II, 2=15, an^ 'wzzL'^, 

57. Given ;f+^=i750, ;r«+J''^'==227o8, ^rny-f- 

^«m2292, 2indi xx'V'\-'vzyzz.\^g2^2'y to find x, y, 

X, andi/. An/ xzziy^^, yzzjf zzzii^, and'v:zzj, 

58. Given 5;e + 7^-f-9%z:93256; to find aid the 
different folutions in affirmative integers which the 
equation will admit of. An/ 13801148. 

; 59. To find a fquare number fuch, that the fum 
oJFall its aliquot pajrts ihall be a fquare number. 

An/ z^oi^ 
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60. To find two fquare numbers fuch, that either 
of them, when added to its aliquot parts, fhall make 
the fame fum. ' j^n/, 106276 auJ 165649. 

61. To find three cube numbers fuch, that their 

fnm may be both a fquare and cube number. 

. - 2048383 . IC2C2902 

MA I, ^ f ^ , and ^ ^. ? "> 

•^ 274625 274626 

62. To find 4 whole numbers fuch, that the differ- 
ence of tvtry two fhall be a fquare number. 

^w/ 1873432, 2a&8i68, 2399057, <j«;i^ 6560657, 
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The following Extracts, relating to this WORK, 
are taken from the REVIEWS of July and 
September, for the Year 1780. 

THE Author informs us in his Preface, that 
we are not to look upon this as a complete 
Treatife of Arithmetic ; but only as a Ihort metho- 
dical Tra6l, drawn up for the purpofe of teaching. 
We afTure our readers, that ^his is a modefl account, 
and that many Mafters may profit by what is here 
offered to them for the ufe of their Scholars. 

In purfuance of this plan, of writing a book for the 
ufe of Schools, Ik has been very careful to Hiake all 
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his definitions and rules as concife as poffible, con- 
fident with that fimplicity and clearnefs which is 
abfolutely neceflary in things of this nature ; and 
afterwards to exemplify thole rules with a fufficient 
number of examples; in felefling of which, he has 
made choice of fuch as are moil likely to occur in 
bufinefs ; and has alfo fhewn, with great clearnefs 
and perfpicuity, the reafon of each rule in notes ; 
and, in fome inflances, has illuftrated and explained 
the examples, when he had r^afbn to apprehend any 
difficulties would be found j or where any difputes 
have arifen between former authors ; and, in this 
part of his work, Mr. Bonnycaille has fhewn great 
ingenuity and judgment. 

By con fining every thing of this nature to the notes, 
Mr. B. has been enabled to keep his text free from, 
long explanations, fo that nothing is to be found 
there, but what the Learner ought to tranfcribe, and 
fix in his memory ; a matter which feems to have 
been too much negledled, by mofl of thofe authors 
who have undertaken to write on the fnbjedt of 
Arithmetic, for the ufe of Schools. 

On the whole, we fhall not hefitate to declare* 
that we think this little book will be found very ufe« 
ful both to the Teacher and Leaner. 

Monthly Review* 

THE Title of this little book we have given at 
full length, becaufe it anfweis to its title, and 
does not, like many publications of this kind, profefs 
more than it performs. The aut}\or has availed 
himfelf of Malcolm* s Jrlthmetic, and has here given 
u^ a fcientific, as well as practical treatife of this 
ufeful branch of Learning ; fo that ftudents of every 
clafs may have their deiires thoroughly gratified. 
The Book and its Author, of whom we know nothing, 
but from this performance, we recommend to the 
potedtion of the Public. 

LoKBON Review. 
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